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Foreword

In 1967 I took an introdactory couwse i photography. Most o the skodent (inchuding me)

o leamm how to dvo—to take ke the ones [ ad
mized by artita such as Edward Weston. On the st day the teacher patiently explained the
g lstof tschiical skill that he wes going o teach us during the tern A kay wos Ansel
Ada’ o Syt s prevevatang e prin los (Wit in o foalpin)

lig support of tus skl

e o e of o et s b Tgh it e of
sure time and development;time to cmm the biack level and the contzast n the image. This

ot o ning ot that developee Gl sippery st fres sels sl
But what aboat

ot o Ont o ot ev g b0t vt  orsoig » st o st st

having the sklls to make it happen. In engineenng, s in other creative atts, we must learn to

o oy o aupoont s s i syt One et b e il and functional

using this knowledge o compute the propertics u(lkunlulu ., Sulcy ne cammot it o
el computs syt vithont Qo wndetanding to “provisnalize” the process
generated by the procodues on
e Diogses e b s bk as-vhite 10 akcs whils othrschos 5
s, Fiach b
jo ree style and fexibil-

enlo
1y Lp s il coad s o et kicl for rcusion.heory and {o sybolic
algebra, family.
tools, ot o i Ao i
il oo e using a vast libeary of capaed pacts, prodc
by membes of the user commuity In Lisp, procedures e e ano o e e
e ok a8 Ve 4 shred 1 G troctnes This By 3 Tloables b




‘most smportanly, i provides mechanisms for formalimng, naming, and saving the idioms—the
common patterns uug!thltmmmmenpmlds@ g o ddition, iy progns
can ensily manips

st ok, s e
reference

The Litte LiSFer s to deveopiag the skills
pamming i Lisp. 1t pisely paciags, with consdecale wi,mch of (e el d proccn

that 15 necessary o learn the siall of constructing recusive processes and manipulating rocur-
i dat-gruchure, B the st of i pogrcem, The il LISPer can pcocn he
's finger exercises or Czerny's prano studies perform for the student of

Gerald J. Sussman
Cambridge, Massachusetts



Preface

Rocursion 1 the ack of definng a2 byect or solvig a probla o terms of act. A carclss
zocursion cun ead to an it rogress We avod the botiomlas czculanty inheren i ths
tactic by demanding that the recursion be stated i terms of some “simpler” object, and by
providing the dcﬁmlmn or solution of some trivial buse case. Properly used, recursion s a.
povertl prob ‘echriqe, both n axiel o and computer
progamning, wnd n el fe
“The goal of this book is to teach the reader to think recursively. Our first task, Lhueinm
15 £0 doide which Inngungo 10 se to ommuicate his concept. Ther are tarea o
o, ol e, s T el oot o
g, Notural ; ; verbose. These
Sl e Lo ganarel o
cancily oo conep 5y n[mummt i e ol matlanatis s e
th nly o symhs.
ol el i o e e ot o B 500k 0 e
of mathematis, but the reader who understands that pago has lttle eed Gor this book. For
mathematic is not very mevitive Tne masriags of techuviogy snd mathe

emati s 1 wnth a third, aliost ice: Programuing
e perhaps the best way to convey the concept of recursion_They share with
s b iy o e 3 50 2 sot of symbols. But unlike mat]

‘programmmung languages can be dicectly experienced—you can take the programs in this
ok try thin, oteve she behavio, oddy e o expaience th GBot of Yot
‘modifcations

Perhaps the best. programming linguage for teackung recursion is Lisp. Lisp 1 hereatly

syl g do ot bave o e st aping betwee, e sybols
own language sl the representations m the computer.

mmp\l! dnnhm, o eimary progacmntog aciviy s the erecion of (yamlnﬂyi

con mmediatly e o e i o rograms. Aat, peria sk




smpotaly fo our ot st tha d f s bock, hers 4 8 dvct crreepondncsbatwen
the strackure of Lisp programs and the data those programs manip.
s i, 10t oot avage oot bt e computa

tianal lingaistics, robotics, paitern secognition, expert syséems, gengralised problern solving,
theorem proving, game playing, algebraic manipalation, etc It has had a major infiuence on
ek oo T of computer s

Allhough Lisp oo b desrivd quts rmaly, udetacing Ly dons it i o
‘parbiculacly mathematical inclination. In fact, The Littlo LISPer is based on lecture notes

v ik izoduction o 118 o ficsts with o peevious g

exporience and an admitted dislike for of
peepsing o camers m public i, It 3. oun bdlglthlt g rograms sl n Lp

essentiolly ur only
e e v o s s o Sust a few Lisp foatuces: car, cdr, cons,
o0, som? nl, uer?, 607, 31 s oo, o, oty b, defn, s cond.

‘a0 idealized Lisp.
e it F15por i not oo a0k o Lip. Howevst, sty of e concps
thus book is mastery of the foundations of Lisp—efier yon vaderstand ¢lus material, the rest
will be eosy

Adrovledgeme:
Vi peope mads porast oo 0 e ot i of bk The Sllowig.
acmowiadgement appeared there:
Many thmIa to mm McGarthy, Mike Greenawali, John Howard, Terey Prast, David
Musser ar, Mok Blaon, Harold Stone ooathan Socum, Juny A, B
N, by Sty ot ety vl oo sbout The Little LISPer

s Frces Pastrso o theiz cal (ypin and profeading of ths manusci, |
ol ndebia t0Pricick Vatalle mru-mmmmmm;um
otte Ly

Sehan o Pl Al who s pe uy o e
blic affars geaduate skudients, i 5 Bh.dmby Bnhm " ing, Doia 1 Wt
rath, and Abraam Goldberg who oot only were. the “quickie” coumse but also
s i s Gl s o o of e ot T gy
wan to thank Abraham Gokiberg who contrbuted bis editing talents and novice per-
specivsfor tha werc Abore ol | sk o hask my it Mary for bis inderstaning
of this manuscript.
‘W aro lndebted to many people for thetr contributions and asistance throughout the dovel-
opmeat af this book. We thenk Bruce Duba, Kent Dybvig, Chris Haynes, Esgane Kohlbecker,

which influencs hasan Abbas, Charles Baker,
David Boyer, Mike Dunn, Torey Balkenberg, Robert Friedan, John Gateley, Mayer Goldberg,
Iabal Khan, Jula Laall, Jon Mendeisobn, John Nienact, Jeffrey D Pecotti, B Robertson,



Do not rush through this book. R valuable hunts ate gh
bt Do oot ead he bock s Ja an how i e o e arady sl vt
o o e 5" Rt sy yo s ool ot o g,

o il st he s o o b e sl e e B cseing e
3wl b hard to answer ter cne f yom 6apaot sove the sclie ones
Guess! Thus boolk is based on intuition, and yours s a3 good a5 anyone's. Also, if you

can, try the examuples while you read. Lisps ave readily evailable. While there are minor
systactic variations between diferent implemenatuons of Lisp (primarily the spellng of pax
oae names o tho doma of sy untow), Lisp i basaly the s toughout
the word. To work with Lisp, you may need to modsfy the programs slightly. Typlcall,

e e roquirsonly & Fo hans o e Lisps 51k a6 COMMON ¥ ] and
Scemme [1,7] Saggestions abou how 0 try the programs in the book ate provided In the

otates. Footnotes preceded by “Le" concern Lisp, those by *S" concers Scheme For

Schenue, you may have o enter oubt, and aton?
‘plementations do not provide these functions

(detane aadt (1ot ((£ ) Clambda Gx) (£ 2 1))

(detine subi (let ((£ -)) (Lambda (x) (£ x 1))

(deting avon? (Lot ((£1 patr?) (£230t)) (lambda (x) (22 (£1)0)))
‘We have formulated these dofinshions in sach way that they axe safe from re defaition of built
n functions, thus s pasticulacly important for Ghapter 4 where we discuss vecsions of + uadl ~

We do 0ot give nny formal dofintions in this book. We believe that you can form your

‘ments thoroughly before possing them by. The key to learning Lisp 15 “pastern recognition.”
The ommandinenispoia k1 patrteha Jou will v sy s Bacy 3
ook, some concepts sre narowed for simpliciy; Iater, they are cxpanded wod quabified You
o s ko ot while evryiing 1 he pok i, i el s o g
mecrperate mors a2 wecoud kgl cove o  froducary et Al

Tmasare i ook, o ok e an undersand mors advaace i Somprehorive o on

We use & few potational conventions throughout tha text, primany changes 1 fonk for
fforent classes of symbols Programs wn noten precoded by “L:? of “S:* ace sot in typa-
writor font. Punction defisitions ave i roman charackers, paamelors aro m itali, aad data



1 m 5ans serif, The values for true and false are m slanted font, Special symbols such as de-
20 um comd e fn boldface, Thse dstasionscen b sally gnoed ] Chapber 0,

ograms s data. We have taken cortain liberties with punciuation to Jncre
sty

1n many of our examples for two seasons. First, food is easier 10 visualize

s s peio, P o 5 104 ok 1 et e iting) W hops (o i
of food will help you understand the examples and conceps we use. Secord, we wani: ta pro-
7o You i b dmncton. e o o sinin G subject matiorcu b, aod &
il Gackin will lp o ety
o o W hope o il eyt chllongs et o
ym. on e llowing g

Bon appesit!

Daniel P Friedman
Matthias Fellesen
Bloomington,
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beatful
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Integrated smootkly
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2180° rotation.
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Ts it true that this s an atom?
atom?

B L (ot s o1
1t T i . g v

Yes,
‘ocause atom 1 a string of characters
beginniag with the ltter 3

s 1 trus that thus s an atom?
turkey

Yes
‘ecause turkey is 2 strng of characters
begnning with a letter

Is 1t trae that this s an atom?
12

Yes,
since 1492 1 a string of characters begn
ming with

15 1 trae that thus s an atom?
turkeys

Yes,
since Jurkeys s a string of characters
beginaing wits a digit

Ts 1t ue that this s an atom?

Y,
ecause u 18 a string of one character be
pnnmg with a letter or digit.

Ts 1t troe that this 1 an atom?
+abes

Yes
because +3bcS 1 & siving of characters
beginaung with a leer, digit, or special
characier othes than a left *(* or right *)"
paentbesis

I 1 trse that this 15 2 list?
(atom)*

Yes
‘ecause (atom) 15 an atou enclosed by

theses




It true that thos 10 2 Lt s,
(stom turkey 0r) bicause it 5 & collecton of atams enclosed
by parentheses
51t rue that this 2 let? o,
(stom turay) or siace this s actually bwo § enpressions not

enclosed by parentheses The first one s a
List containing two atoms, and the second
one is a0 atom

Is it irue that this 15 » Lst? Yes,
((stom turkey) or) because the two S-expressions are now
‘enclaned by parenthess.

T ¢ e that ts 1 o S-oxpresion” s,
it ecauseall atoms ate § expresons

I 1t true that this 8 an § expression? Yes,
(xy2) because it 15 8 it

Is 1t trse that this s en § expression? Yes,
(692 ‘ecause all lsts are  expressions
s it trse that thusis o Lst? Yes,
(how are you doing so far) because it 1s & collction of S exprecsions
enclosed by pareatheses

How many S-expressions are m the st six,
(how are you doing so far) ow, are, you' daung, s0, and far



s 1t brue that this 15 3 lst?
(((how) are) ((you) (doing s0) far)

Yes,
because 1t 15 collection of § expressions
enclosed by parenthoses

How many $-oxpresmons are m
(((how) are) ((you) (doing so)) far)
‘and what aro they?

Three,
((how) are), ((you) (dong s0)), and far

s 1t rue thal this 15 o Lst?
¢}

Yes
bcause 1 conteuns 7010 § expressi
encond by pasehens. T spocil

S expression Is called the null lst

Ta L true that this 13 an atom?
0O

Yes,
because () s both a st and an atom

s it true that thus o a lt?
Q000

Yes,
because it is @ collection of § expressions
enclosed by parenthescs

‘What 1 the car of I, where | 15 the argument
(abc)

'b‘)cluﬂ @18 the first atom of thus list

What 5 e ca of 1 where 35 the srgumant
(@b)xyz)

(abe)
Deciuse (3 b c) s the irst § expression of
thia mon ull st

‘What 1 the car of 4 where { 1 the argument
hotdog

No anwer
You cunnot sk for the cur of an atow



The Law of Car
Car is defined only for non-null lists.

What is the caz of  where { i the argument
(((notdogs)) (and) (pickle) relish)

((hotdogs).
Read as:
“The Lt of the st of hotdogs.”

((hotdoss) i the fisk S-expression of

What i car 1), wher L the asgurmest
({(otdogs) {snd) (i) relsh)

((hotdogs)),
because (caz 1) §s another way to ssk for
i the ist L”

“ihe car of

What s (car (car 0), where 1is the arga
ment
(((hotdogs)) (and))

(hotdogs)

‘What is the cdr of I, where [ 15 the argument,
(zbe)

Note “ods' 15 pronounced ‘could er”

¢,
becast (5 ¢) s the st 4 wathons (car §)

‘What 15 the odr of I, where 115 the argument
(@5 xy2)

ey z)




What s (cdr a), where a5 the argument
otdogs

No answer
Yon cannot ask for the or of an atom

s (e 1), where 15 the argument
(

No answer
You cannot ask for the cdr of the mul Lt

another list.

The Law of Cdr
Cdr is defined only for non-null lists.
The edr of any non-null list is

]

What is (car (odr 1)), where 5 the argu
ment,

(®) tey) (@)

),
because ((x) ((6) 5 (odr 1), 50 (x3) 38
the car of (adr 1)

Wt 15 (de (cdr 1), where |18 the argu
i
() (xx) ()

()8
‘because ((x ) ((c))) 1 (edr 1), and (((c)))
is the odr of (cdr 1)

What s (o (car D), where 115 the argu

meont
@EEY

No answer,
since (car 1) is an atom, and cdr does not
take an atom for an argument; ses The
Law of Cdr.



‘What does car take 85 an argument?

Tt takes any non null st a5 s argument

‘What docs odr take a5 an argument?

e takes any non zull st 25 s argument

‘What 1 the cons of the atom @ and the lst
4 whero
1 the argument peanut, and
115 the argument (butter and jely)
This can also be written “(cons @ 1)."
Read: “cons the atom a onto the st |

(g b v ),
adds an stom ko the front of
by

Whas 1 be cons of s and 4, where
+1s (mayonnaise and),
T35 (peanut buter and fely)

((mayonnatse and) peanut butter and ely)
because cons adds any § expression (o the

Front of a lst

Whai is (cous 5 1), where
33 (helo) tis), and
135 (is very ((hard) to learn))

(((hlp) i) s very ((rar) to larn))

‘What doos cons take 25 1s arguments?

cons tales two arguments
the first one 1 any S expression,
the second one 1 any list.

What 15 (cons 5 ), where
PO

(@b ),
ecause ()88 st

What 15 (cons s 1) where
2, a0d

)

@



quest
(o )

* ia paceen, o
P ey =1
BT e
What 1 (cons # 1), where No answer
sis Why?
s
The Law of Cons
Cons takes two arguments. The seconc
argument of cons must be a list. The
result fs a list.
Wt o s 1), e b
s Why’
AP
wluc s (cnns s (cdr 1)), where (acd)
s Why?
A
Taat true that the Lt 1 the mul s, where
s

also be wniten

‘because it s the lst composed of zex0
cpressions




s (aull? 1) trae or fase, where False,
{15 the argument (2 b ) ‘because it 15 & non null st

1o (il )t or e, whee No answer,!
s spaghett because you cannot ask mull? of a nom aull

LA it g i o o
denned o e owt o T Lo o Nl

The Law of Null?
Null? is defined only for Bists.

Ts 1 rue or flse, that 51 an atom, where  True,
315 Hary. ocause Harry s 4 strung of characters
beginmag with a leiter

Ts (stom?* 5) true or fale, where
38 Harry begause (atom? s) 1 gust snotber way to
ask, “I it trae or false that s is an atom™”

UL
e ——




Is (atom? 5) frue or flse, where
31 (Harry had 2 heap of appls)

Fse,
since the argument 5 1 3 st

How iy rpumets does atom? take, and
what are

It takes one argument The argumeat can
be aay S-expression

T (atom? (car 1) irue or flse, where
L5 (Harry had 3 hesp of apples)

True,
because (car 1) 1 Harry, and Harry s an
atom

s (stom? (e 1) true o fase, whero
s (Hamy had 3 heap of appis)

False

T (atom? (e 1) troe or fase whero
L8 (Hary)

Trve,
ecause the st () 1 also an atom

s (aiom? (car (odr 1)) true or flse, where
s (swing low sweet cherr)

True,
because (cd 1) s (low sveet chory), and
(car (cdr )5 low, which i an siom

Ts (atom? (car (cd 1)) true or falee, where
Uls (swing (ow sweet) cherry)

s (e 1) is ((low sweet) chery), sud
(car (edr 1) s (iow sweer), which I 2 bt

True or false af and a2 are the same atom,

al s Harry, and.
Hary

True,
ke a ety s
the stom



a1 a2 true or fake, where
af is margarine, end
2 1 butter

False,
sunce the arguments af and a2 are diffr
eat stoms.

How many arguments doos oq? fake and
what are they?

It takes two arguments Both of them must
be atoms

s (eq? I 12) truo or false, where
s () and

No answer,®
although () 1 an atom, (srawberm) 15 2
ool st

12 18 (strawberry)
% Lists may be srquments of ea? Two lists see ea? i
ey e ot ety o] e b
e R
The Law of Eq?
Eq? takes two arguments. Each
must be an atom. |
|
oot (e ) ) e

o fase, w1
is (Mary had 3 T amb crop and

Troe,
because (car 1) 1 the atom Mary, and the

argument o s also the atom Mary.




1 (eq? (edr 1) 6) true or false, where No answer.
Uis (soured milk), end See The Laws of Cdr and Bq?

as mik

Ts (oq? (car 1) (car (cd 1)) true or falso, Teue,

whero a5 s compares the fist and second
Uis (beans beans we nood selly beans) atoms 1n the lst.

=+ Now go make yourself a peanut butter and jelly sandwich. —

Thus space reserved for

JELLY STAINS!




Exercises

11 Tk of en diffrent atoms and wrte them down
12 Using the atoms of Exercse 1 1, make up twenty different lsts
13 The lst (al theso problems) can bo constructed by (cons a (cons b (cons ¢
sl
bis theso,
<15 problems, and
)
Winke down bow you would construet ko folowing list:
(i (these problems))
(sl these) problens)
(el these) probiems)
(al these probloms))

1.4 What s (ca (cons 1), where a s fronch, and | 5 (fes),
and what Is (e (cons 1)), whero a 15 oranges, and s (apples and peaches)?

15 Frad an stom = that makes (eq? = y) troe, where y is sp Ace there any.

16 Ita

atom, 5 there a st 1 that makes (mill? (cons a 1)) trae?

17 Defermune the wluo of
(cons s ) where s 1, and sy
{onoa s 1) where ¢35 (), and 1 ()
(car o). where 431 ()
(e 0, where 12 (())



Teve or falso,
(stom? (car 1), where 15 (et s i)
(2ull (ode D), where {5 ((mest
(ea? (m 1) e (o 13w | e st
(atom? (coms a 1)), where s (bal) and a s meat

s
(car (cde (cdi (car 1}))) where 1 is (ks mangoes lemons) and (marc))
(car (odr (car (odr 1)))) where 1 s (( ) (eggs and (bacon)) (for) (breaifa
(car (odr (eds (odr 1)))) where Lis () () () (and (coffee)) please)

o gt the tom s i s uter sy o ) we 5wk s
t would you wri
H:rvy in 1 . (apls (v b 3 backyc)
where 1 s (spples 2nd Harry)
e L (e s Q) s backerd)






Teue or false: (812 1), where
s (Jac Sprat cauid eat no chicken fat)

e,
because each § expression m {1 an stom

Trae ox false: where
L ((Jack) s,m could eat no chicken fat)

False,
since (car [ s a Lt

True or false: (1a¢? I), where
115 (Jack (Sprat could) eat no chicken fat)

since one of the $ expressions m L1 & lst

Trusor fase (1 0), whre
)

because () eonteins 5o lists and beca
1t doss not conaln any lse, i s o et

True or fake alat 1 a Lt of atoms

‘Every lat 15 8 Lst of atoms!

Wiite the function la¢? using some, but ook
‘ecessarily al, of the following fmctions:
car, odr, cons null? atom? and eq?

‘We did ot expect you to know th, because
you are still mising some ingredients. Go on.
o the next question Good luck

(defing’ 1as?
(lambda (1)
(cond

((oull? 1) &)
({atoms? (car 1) (lae” (cdz 1)
@ mi))

Whu u the value of (lat? {), where
th sguamert (acon 0 49)

o
The application (1at? {) were 115
L and 55)
as the value ¢—true—because 5.2 at



How do you detaimune the snsver ¢ for the
application
(7

‘We did pot expect you to know this one e
ther. The answer s determined by snswering
the questions asked by lat?

Hint: Weite down the function

eefer 01t for the next group. o asins

What s the fist question asked by (1st? ()

ot

(cond. . ) s the ono that aske
s (b .
o a5 (i

at 1 the mewnung of the cond-line
(ol 1) £),

where
Lis (bacon and eggs)

(oul skt o st |

ke o vt o e appention
e 3 I ek s o ke
question, Tn this case, { s oot the mllLst,
50 we ask the next question

What 1 the next question?

(atom (car 1))

‘What 15 the meaning of the line
(acors? car ) (s (e ),

where
s (bacon and egss)

(som? o 1) ks e i 8 exrovin
of e list | is an atom. I (car 1) 1 a atom,
e we vt o o I h e o 1 300
‘composed only of atoms 1f (cax 1) is
atom, then we ask the next question In this
case, (car 1) 1 on atom, 30 tho value of the.
function 15 the value of (ai? (edr 1)

¢ 8 the meaning of
(ae? (odr )

(s (e 1) e ot f e st of i
is composed only of atoms, by referrang to
the funcion, but pow with & new wrgument

Now, what 1 tha asgument { for lat?

Now the argument 1 1 (cd 1), which 18
(3nd ogas)

Chapter 2




st 15 the meanng of the hue
(2l 1) £)

where
Lis now (and eges)

(mll? 1) asks if the argument |
T e oo o -pnum.an
18 6. I 1 s not, then we sk the next

o Tt sae, o ot ehe il s, 30 we
ask the next question.

‘What 15 the next question?

(atom? (car 1))

Whai is the meamn o
lom? (e ) (a? e

n; (and eggs)

(oot (cr ) sk f car ) atom ¢
i i, thenth el of ol
e Qi (ke ). oot e we
i Tt s, e D o
s, o we st 0 nd ot i b 5
the list 11 composed only of atoms

it 1 the meaning of
un" (edr 1))

(e ) nds ot i s of s o
‘posed only of

refurring 2
e e bt s
argument (cdr 1), which s (eggs)

‘What 1 the next question?

(oull? 1)

3 the meaning of the bue
(hmll" Ny

" now (o)

(null? () asks f the argumen | is the null
B o v e e ey b

true. I It is not, then move to the
next question. Ta this case, £ is not mull, 50
we ask the next question.




ot 3 the mesning of the line
((stom? (car 1)) (1a6? (dr 1))

e now (eggs)

(atonn? (cas 1) asks o (ar 1) 15 0 o
s, then the valuo of the spplication

= ot e ) 3 e 1 0t 0t

then ask the next ths

{cur ) a4 anc agin e look o

(at? (ede 1))

‘What 1 the mesnang of (Iat? (cdr 1))

(s e ) gl out e et ot o st
only of atoms, by referr

lhv fanction lat?, with ! becoming the nlw

of (ede 1)

Now, what 1s the argument for lat?

(9]

What is the meanag of the Lne
((ma? ) §)

where
115 now ()

(mul? 1) aska of the argumen {1 the il

Theretor e pplaion ﬂm
.o L (acon ond g 1

Do you rezanmbes the question ahout
b

et

‘Probably not, The apphcation (12 1) has &
value ¢ f the st i o st of atoms, whare |
» (sacon and eggs)

Gan you describe what the function lat?
does In yous own worda?

Hre are our words.
I ok 1t each -wgrvion,
ich §expression is an.
il runs out of i
s out without encountering a list, the
value Is ¢ 1 it finds a lst, the value ls

e "

bow we could arve at a value of
“false” consider the next fow questions

Chapter 2




Thus 15 the function a7 again

(define Lat?
(lambda (1)
(cond

(@ 0 t)
(atom? (car ) (122” ed 1))
(& n)

‘What 1 the value of (1at? I), where
{15 now (bacon (and eges))

i
since the Lst | contains 2n S expression
that is a st

bt ke . 7 (038
e B e et
G

What s the fist question”

(o 1)

18 the meanig of the lne
((n\ull" 1)

T s (ond )

(oull? 1) asks o £ the mll it I it s, the
value i ¢ 1f 15 not mull, then mave t0 the
et aueon In s e, 0t il 0
we ask the next questi

‘What in the next question?

(atom? (ear )

s the me
((atom? (car 1)) (1at? (edr 1))

e
Uis (bacon (and egs))

(stom? (car 1)) sk o (car ) 1.

111, vl (et ) 10
5ot w sk the next question. Tn this case,
(car 1) s an atom 50 we wank to check i the
e of the List 1 is composed only of atoms

1 the meansng of
(1at? (edr 1))

(o ) chde o mo e st
ey o s, by o
i emyton futi)

18 tho meaning of the line
1(""1" 0

R

(Gt ) e ool e, 10,

s t 1€ s oot oull, we ask the
o avation. s s i i 20
‘move to the next questio



ot 15 the meatung of the lme
((stom? (cax 1) (1a? (cc 0)

118 now ((and egas))

(siom? (car ) asks o (car 1) 1 an siom. 1

it i, then the value is (lat? (ed 0). it is

2o, then

this case, (cax 1) is 0ot 2m atom, 30 e ask
ext questic

‘What 1 the next question?

‘What s the meaning of the question £7

tasks i ¢ true

Ts b true?

Yes, because the question ¢ 5 always true!

Why 1 & the last question?

Because we do not noed to ask any more
questions.

Wy do we not need to ask any more ques
tions?

Because a it can only be capty, of have a0
atom or alst n the frt position

‘What s the measing of the hne
(¢ nl)

& asks i ¢ Is true 1€t s true—as of ahuays
s4—then the answer s mi—false

What Is
n

‘These are the closing or matching pareathe-
aes of (cond, (lambda, and (define, which
appear at the beginning of a function defim
tion. We sometimes call these “sggravation
parenzheses,” and they are aluays put at tho
end.



Gan you deseribe how wo detcrmmed the
valus ml for
(a7 1)

where
Lo (sacon (and eges)

Flere s one way to say .
“(1at? ) looks at cach tem 1 1t argument,
o i an o 11 ot of

a st the valoe of
i 1 s s 8 i
the crmple (mcom (o e, e e
of Gat? 0 1s

s (or (null? 1) (atom? 5)) true o fase,
where

U (), a0d

s (defy)

True,
because (mull? 1) s true where (s ()

Is (or (mull? 12) (mull? 12)) true or false,

1148 (3 b ), and
wis()

“True,
bocause (aull? 2) = true where 213 ()

T (or (mult ) (aul? ) teue or false, where
5 a b ), and

ther (oull? 1) 10 true where {
-(ahdm[mlﬂ":)-erm-m:-
(ot

o 15 (atom)

What does (or ) do? (0r ...) asks two questions, one at a tmie
IF e fist ome 1 true It stops and snswes
true. O (o ..) asks the second

answers with whatever the
second question

ot e i o member of ot T

"SR
ot s or il

bocause one of the atoms of the lt,
(coffe tea or milk)
15 tho same as the atom o, nsmely tea



s enbs? ) oo B, here
a1 poache
lat i (fried ogzs b P— oggs)

alse,
since o 1 not one of the atoms of lat

Thas 15 the function member?

efine merber?

@
(ambda (z lat)

(ol tat) ml)
¢ (or

(oa? (caz lat) o)
(member? a (cdr 1at)))))))

‘What s the value of (member? a lat), where

a1 meat, and
lat is (mashed potatoes and meat gravy)

3
because the atom meat 1 one of the atoms

of the I,
(mashed potatoes and mest gravy)

How do we determune the value ¢ for the
above application’”

Tho value 15 dotermuned by aslang the qus
onsshout (membe? o L),
e down the fanction member”
el b e o e oo
roup of questions

‘Wit s the fiest question asked by
(member? o lat)

(ault? tat)
This is als the first question asked by lat?

any fun

The First Commandment
Always osk null? 25 the feat question In expressiag




Wt ko poaingof e e
((.wm ull)

i (mashed potatoes and meat gravy)

(oul? lor) asks o lat 1 the mull st 16 ¢ 15,
e el e i e th o st
was pot found in Lot If not, then we ask the
et question. Tn this case, t 15 ot mul 50
we ask the next question

‘What 18 the next question?

Why 1 & the nect question?

Because we do ot need to ask any more
questions

Ts ¢ veally a question?

Yes, t15 2 question whose value 15 alvays
e

Whet 1 the mesu of the hus
(cfor
(e (cae o) 0)
{amebea? a (ods laf))))

Now that we know that lat 1s not ul?, we.

v o o ot et e of bt n e
whether o is somawhere

e e af e T, e aeion

(or
(ea? (car lat) a)
(memmber? a (cdr (a))

does this

(or
(ea? (car lat) a)
(member? o (cdr laf)))

true or false, where.

218 meat, and
fat s (mashed potatoes and meat gravy)

W will find aut by lookung ab cach question
1ntum



What s thosecond question or (or )

(mm.baz o (cdr lat))
Ths refees o the function with the srgu
e b e by 66 ).

Now what are the srguments for mersbe”

25 meat, and lat 15 now (edr laf), speci-
cally

(potatoes and mest gravy)

What 15 the mext queson” (null? at)
Remember Tho Firss Commandment.
sl ) e 2, namely false
T roston ond et o)
Whas do we do now? s the next question
What 1 the next question? &
What s ¢7 & namey true

Whst et s of

1-17 (car lat) 2)
(member? 2 (cds laf))

(o (o (s ) o (e o )

out I 0 1 ea? o the car of It or i &
b o et b et o
the function.

1s a eq? to the car of nt

No, because a 15 meat and tha car of lat 5
potatoes.



Now, what are the arguments of member? 1 meat, and
latis (and meat gravy)

‘What 15 the next question? (oll? lat)
What do we do now? Ask the next question, simce (aull? fat) 1
flse
What 15 the next question? t
‘What i the value of ‘The value of (member? a (cdr lat))
(e (e 1) o)

(member? g (cdr lat)))

Why? Because (ca? (car lat) a) s false
What do we do now? Recur—refor to the functon with new argu
ments
What e the now srguments? 21 meat, and
lt 35 (meat gravy)
What 15 the next quesiaon” (ol )

What do we do now? Since (mull? lat) 1 fase, ask the next ques
tion



What s e vl ot .
because (car L), which s mest, zad o,
(eq7 (car let) 2) which s meat, ar the same atom There-

ex? o (e lat))) fore, or .. answers with £

‘What s the value of the application 3
(member” a af) because we have found that meat s
where ‘member of
(meat gravy)

-, and
{ot' (o grav)

What 15 the value of the application 5
(member? o lat) becanse meat i also a member of the lat
where (and meat gravy)

1 meat, and
at 1 (3nd meat gravy)

What 1 the vale of the applcation 4

(mermber? 5 15 because mest 1 also » member of the Lot
where (potatoes and meat gravy)

s meat, and

atis (potatoss and meat gravy)

‘What s the value of the appheation 5
(member? a lar) because meat s also a member of the lat
where (mashed potatoes and meat gravy).
a1 meat, and Of course, you noticed that this s our
lat is (mashed potatoes and meat gravy) original lat.



Just ta make sure you nm o g, e
‘qukly yun through it

¢
Hint: Wote down the function member?

(def ?
(lambda (a lar)
l(nn.\l7 lat) wl)

(-z (car
(mcmbﬂ" a 1cdr @)

‘What 1 the value of (member” a lat)
where

s meat, and
lat s (mashed potatoes and meat gravy)

u refor t0 them as
Jou g0 through the next group of ques-
tons

(mall? lat)

No Move to the next hue

Yes

(oq? (car lat) a)
(member? a (cdr la)))

Perhaps

(eq? (car lat) a)

No. Ask the next question

What next?

oo wth  nd (e ), whon
ety ctton nd et ey



(ll? fat)

No Move to the next hne

e bt (o o ) ) ks
o), where
el e,
(e Lat) s (mest gravy)

)

No Move to the next lne.

(o (e ) o)

Yes, the valuo 15 ¢

(or
(ea? (cax la) )
(emmber? o (cdr lat)))

What 5 the value of (member? a lat), where

s meat,
lat 15 (meat gravy)

What 1 the value of (member? o lat), whero
.18 meat, and
ot s (and meat gravy)

What 5 the vl of (member? @ lat), where
a1 meat, wid
lat'n (potatoes and meat gravy)



Wit vl of (member o ), where
o s potatoes nd et ra)

Whak s the value of (member? a laf), where il
o s iver, and
lat i (bagels and lox)

et work out why . Whads hefist (it 1)

question member?

(eult? ) o Move io the pext hne
3 Yo bt (o (e ) o) .
Roowr wih ¢ 1 (o freil
e 1
(eult? ) No Move to the next line

Y bt o () ) e
and (car lat), where
e

(e Lo’ 1)

(nal? lat)

No Move to the next bne



(mr? tat)

What s the value of (membes? o lat), where
ais iver, aud
latis

What 1 b vla of
o (e 1) @)
(member? a (e lat)
ais Iver, and
i

{iox)

What i the value of (meabes? a at), where
i e, nd
P

Whnuhnv-l\k of

(eq7 (car tat) a)
(member? o e )

a3 liver, and
lat is (and lox)

l

Wi e ol of (achar o ) whers

e ma o)




What s the value of o
(or
(ea? (cax laf) a)

(member? a (cds lat))
whese

iver, and
lat 35 (bagels and Iox)

‘What I the value of (member”  lat), where  ml
a8 lver, and
lat s (bagels and lox)

Do you believe all ths? Then you may rest!



Exercises

For these exeroses,
i1 8 comanchoaite cle)
15 (poppy seed cake)
H s ((fnzer) (torte) ()
4 s (bleu chees) (snd) () ()
s () ()

a2 13 poppy
21 What are the values of (1a? 12), (Ia? (2), 20d (1at? (9)?
22 For cach case m Exercise 2 1 step throngh the appheation ss we did m thus chapter

2.3 What 1 the valoe of (member? af 1), and (member” a2 12)?
Step through the applicatin for each case

24 Most Lisp dualects have 2n (1f ) form In general en (sf ) form looks ke thus
(1f aesp bezp cezp)

When aesp 15 true, (i aezp bezp cesp) 15 besp; when it is false, (if aesp bezp cezp) 5 cezp

exemple,

(cond
((mal? 1) zal)

n member? cen be replaced by:



0 ? 1)
nl

(or
(ea? (cax 1) @)
(member? o (cdr 1))

Rewrte al the functions m the chapter wing (1 ) istead of (cond )

28 Waite tho fuscion onlt? whch deermines wheihr Lt 1 the sxpty Lt o do 0t
S-exprossions

o (o 1 1 e
12) n al,

oot 9 1 e

(monlas? 14) s e

20 Wte o fanction member-cake? which determnes whether a I onta1s tho atom cake
Examples (member-cak? 1) s e,

(mambre el ) s

(member-cake? 15) is
27 Connder the following new dolition of memba?

(define member2?
Qambda (o la)

(con
(ot at) m)

nzmumbmv @ (cdr lat))
{eat a (car lat))))))
Do (manbers? & 1) and (mebar ) ge on sk s whan o o th sms gt
‘Conider the exaamples af and U, af 2nd 1%, and a2 and 12

ber? a 12) a3 12)

8 Step thiough

of the two applications

29, What bagpeus whan sou s rougs (embe? o8 )1 Fos dha peolem by bavng
member? igaor

The finction member? tells whether somo atom appears at least once m o lat Wi o
i msen e i sl et o o appocs o L bt o



Cons The Magnificent




What s (enber o L) whero
ais mint, and
lat is 1amb chops and mit lly)

(1amb chops and selly)
“Rember” stands for remove a member

(rembe o at) where
s mint, end
{at ' (b chops nd
mint flsved mint elly)

(1amb chops and flavored munt Jell)

lat i (bacon ettuce and tomto)

(bacon lettuce and tomatc)

(rember o o), e
 nad

ot e cup s cup and ek cup)

(coffee tea cup and hick cup)

What does (cember a at) do?

It takes an atom and a Int s its arguments,
and makes a new lat with the first occur
rence of the atom in the oid Iat removed

What steps will we use to do this?

Fusst we wil est (ull? lat) —The Fust
Commandment

Ao f (ull? Lot 1 true?

Return ()

What do we know f (null? at) 1 ot true”

We know that there must be at least one
atom m the lat



‘How do we ask questions?

By using
(cond.
(— —)

(— ——)

Fow do we sk f 4 s the same s (car lat)

(eq? (car at) a)

Wt vl oo oG 1) £
a were he sume a (car o

)

What do we do f a 1 not the saine as
{car lat)

We will want o keep (car lat), but also find
out f @ is somewhere in the rest of the lat

‘How do we replace the first cccurrence of &
 the vt of lat

(cember a (cdr lat))

Is there any other question we shoud ask?

No

Now, let's wrte down what we bave so far

@

efine rembe
(1ambda (a lat)
(cond
(it ot ()
(& (cor

((v\" (car lat) ) (cdr lat))
(¢ (rembes a (edr h‘i)i)i)i)

What is the value of (rember o laf) where

con, aad
lat 1 (bacon lettuce and tomats)

(letuce and tomato)
s Wl down e fonconnresbe ot
i, o hem 2 you g0

o the e soqunce of e




What pext?

Ask the next question

o (ene ) o)

Yot vl o ) T s e

* e and tomat)

Is ths the correct value?

‘Yes, because the above st s the angunal Lst
without the atom bacon.

Bat cud we really use  good example”

W kot B o gl of s g
n the eating, 90 et's try anobher exaraple.

‘What does rember do?

It takes an atom and & lat a5 43 acguments,
nd makes a new lat with the first oceur-
rence of the atom in the old lat remaved.

What will we do?

We will compare each atara of the lat with
the atom o, tad if the comparison fils we
will build Lt which begins with the stom

Whit 1 il ofeember o ), whare
ot e s and o)

(bacon lettuce tomato)

Cons The Mugmificent



Lk s see i our function rember works
s the first queation asked by rember

(eull? at)

What do we do now?

Move (o the next hne, and ask the next
question.

50 ask the next question

(oo (car lat) o)

No, 5o move to the next e

What Is the meamng of
(¢ (rember a (cdr lat)))

 aska i s rue— i always is—sod the
et o the e says o recur with & snd
(cde o), where

@ 1 and, exd

(e lat] s (lttuce and tomate)

(walt” tat)

No, 50 move to the next hne.

(o7 (e 1) o)

o, 5o move to the next hne

What 1 the meaning
e lonaber s o)

Rocur, where
o 15'and, and
(cde lat) 1 (and tamate)




Wit 1 the value of the applcation (e 1at), hat 15 (tomato)
{rember a lat)

s this corgect? No, snce (tomato) 1s not the Lst
(bacon lettuce and tomato)
srith only &, namely and, removed

What @d we do wrong? ‘We dropped and, but we also lost all the
atoms preceding.

How can we keep from losng the sioma We use Cons The Magnificent Remermber
bacon end letuce cons, from Chapter 17

The Second Commandment
Use cons to build lists.

Let's e what happens when we use cons  (bacon lettuce tomata)
Mk cop f i fanction wihcoo

(define o d the sxguments o wd laf 80 you can

4\-mhdu 4a lat) Toer o i o the dallowing questions.

(il 1) (auote ())
(i feond

15,‘;1 o ) n) (e 1))

. Wr L)
What 1 the vt of (cumber o at), where
a s and, and
lat s (icon lotuce and tomato)




Yes, of course

(ea? {ee lat) a)

Mo, 5o mave ta the next hne.

What 1 the meaning of

{cans
(cas lat)
(rember a (cdr 1e)))
hers

o and, and
tat I (boeanletuce and temato)

cans (car lat)—that 15, bacon—onta the
val

lne
(rember a (cde lat))

But since we dou't know the value of

(rember a (edr laf) yet, we will bave to
it before we can cons (cax at) onio it

What 13 the meammg of (rember a (cde )

‘This refers to the function, with la¢ replaced
by o o), s,

(lettuce and tomato)

(ol )

No, 5o move to the next hne.

Yes, ask the next question

o (ar ) o)

No, 50 move to the next hne.

e nt)
{rember a (cds at)))

It means cons (ca lat), lettuce, anto

the value of (rember a (ed laf)). But sice

1 dot know th vl we it st
e before consing (cax laf) anto 1t




‘What 1 the meaning of (rember o (cdr lat))

‘This refers to the function with lat replaced.
by (edr lt), that 1, (and tomate)

(el tar) Mo, 50 ask the pext question
3 sull
(ea? (car lat) a) Yes

What 1 the value of ths ine
ot o 2 3 )

(ot L), that s, comate)

Aro we finshed?

0 We know what (rember a laf)

Tomato) or (bacon letuce and tomato

We sow have a value f
(rembor o (e fa), whero
aisand,

and
(et lat) 1 (and tomatc)
This value 1 (tomats) What next?

Recall that we wanted
i vl f e b v
(ot i) was (and tomato).
Now that we have ths value, which
(tamato), we can cons etucs onto ths vale

‘What 1 the result when we cons lettuce onto (lettuce tomatc)
(tomato)
What does (lttuce tomate) represent? i s the value of

(vac
(romber a (cd 1at),
when
lat was (lstuce and tomat), and
(rember @ (cd 1) was (tomata)



We now have a value for (rember o (cdr Lat))
when

akand,

(e lat) s (lettuce and tomato)
This vabue 1 (lttuce tomato). This 1s not
the fnal value, so what must we do again?

Recall that, st ane e, we 0 cons.
bacon anto the value of (rember o (cds at)),

when
a was and,

et ) was s (et nd o),
N value, which

Wh 1 the resalt when we cass bacon ot
(lettuce tomata)

(bacon testuce tomata)

What does (bacon lettuce tomatc)
represent?t

T

1t represents the value of
(cons

(a 1a)
(rember (e 1a)))
when
lat was (bacon lttuce and tomato), exd
(rember  (cde laf)) was (ktuce tomato)

Are we finshed yot?

Yes

Gan you put 1 your own wards haw we
deterrumed the fnal value
(bacon letuce tomatc)

In our words
“Rember checked each atom of the lat, one

previous atotms ko the est ofthe et



GCan Yes,
the above deseription”
(define rember
(lambda (o lat)

cond

((mull? lat) (quote ( )))

{(eq? (car 1at) ) (cdr lat))

& (cans (car ar)

(rember o (cdr 1at)))))))

Do you thisk this s sumplec?

‘Functic
fied in this mauner

Sa why don't we sumpliy yet?

Because then a function's structure does not
calncide with its data’s structure.

Let's see 1f the new rember 15 e s
tha cld one Whnt.lsthlvlln-o“hlpuh,
eation

(rember a lat),
where

o s and, aad
lat is (bacon lttuce and tomatz)

(bacon lttuce tomato).
Hiot: Wte dows the fupction rember and
1t acgunents and refr Lo them 85 o1 80
throngh the next sequence of quesions

(ool at) No

(oa? (ca lat) a) No

v Yes, 0 the value 13
(coms

(car laf)
(rember & (ed lat)))



What 35 the meanng of
=

T st ek 2 i b
but with the argument lafreplaced by (cdr

(eax lat) 1) e hat e we arive at vl o
(rember a (cd lat))) (rembec a (cdr fa2)) we will cous (car ),
namely bacon, osto it
(ol at) No
fod? (car ) @) No

Yes, 50 the value s
(cans

(car lat)
(rember o (cdr Lat)))

What 15 the meaning of
{eons

(ear lat)
(rember a (cde lat)))

Ths saya we recur using the fanction rem
b vih the s o g b el
and that afer we arive at a value for
(reuben o e ) v i o ot 1,
amely letuce, anto it

(@ it)

(ea? (ear fat) o)

Ye

What i the value of the e
{(ea? {car lat) o) (edr laf))

It 18 (edr lat), that 1, (tomate)



B Now what?

Now cons (ca lat), that 1, bacon, oxs
(ettuce tomato).

Now that we have completed rember, try
thas examp
(rember a lat),
where
38 suce, and.
s (scy sauce and tomato sauce)

(rember a laf) s (s0y and tomato sauce)

What s (sts 1), where (spple plum grape bean)
1s ({apple wud\ wumplun)
{plum
(Erape v s
£ e eabant)
What s (fsts 1), where (sce)
Fis (1) cd) D)
W i ), vhse 8}
e ()
(fve four lever)

s (frsts 1), where
15 ({fve plums) (four)
leven green oranges))

In your own words, what does (frsts 1) da?

We tred the fallowing
“Firsts takes one argument, a i, whiel
vt it e el o, o el anly
ool . It b oot o
‘Dosed of the first S
st

Cous The Magmficent



oy cs i the ot st
member the

Believe 1 o not, you can probably write the
following:

emmendments!
(deftne ists
(amba ()
('N-“’ D
[ -
Why (define fists Because we alvays state
(lamba (1) s s e o3 o e o
tion
Wiy (cond Becanse we need to ask questiocs about the
actual arguments.
Wiy (@ ) ) The Fust Commandment
Wiy (v ecause we only have two questions o sk
oy ..-nu“mm.nm =
contalns at lesst cne
Wiy (¢ See sbove And becamse the bt queston 15
atways t
Wiy (cons Beassewe e buling a st
—The Second Commandment:

Wy (frots (cdr 1))

Because we can only look at one S-expressicn,
at a time o do this, we must recur.

Chapter 3




Way D)

‘Because these oz the maichung parenthe
s fo (cond, (lamba, and (deflne, and
they always appeas . the ead of & function
definition

Keeping m rund the definition of (fists 1),
What 3 » typical lement of the velue of
(s 1), where

1is (69 (9) ()

What 1 another typical element?

‘Copsader the functaon seconds. What would,
e & typical clement of the valne of
(seconds ), where

1is (2 8) (e ) (e D)

bdarf

How do we describe a typial element for
(st 1)

A the car o (cas 1), that 3, (car (car 1))
See Chagter 1

‘When we find a typical element of (frsts 1),
what do we do with it?

‘We cons 1 anto the recursion, that 1,
(fsts (ods D).

The Third Commandment

‘When building a list, describe the first typical ele-
ment, and then cons it onto the natural recursion,




With The Thurd Commandmen, we can now
1l m more of the function firsts What docs
the last line look hke now’

(¢ (caus (car (car 1)) (Rests (edr 1))
—_——

natural
element  recursion.

What does (sints 1) do

Nothiag yet. We are stll mssiag one im
ingredient i The frst

al? ) )
& foeos (e (e 1)
(Essts (e D))

where
s (@b) (cd) D)

Ime ((oull? 1) ) needs a valne for
the case where { is the mull sk We caz,
Bowever, proceed without i for ow

{ull? 1),

, where
1 (o) (cd) (e M)

No, 5o mave to the next me

‘What 1 the meanmg of
(cons
{ear (car )
(fimsts {cdr 1))

It saves (car (car 1)) to cavs ante
(firsts (cdr 1). To find (fists (edr 1)), we
refer o the function with the new argument
{edr 1)

(aul? ), whece
e (e €0

No, 50 move to the next e

What s the measing of
feoms

(ear (car 1))
(s (ed 1)

Save (car (car I)), and recur with

(mts (ear 1)



(aull ), where No, 50 move o the next Ime
tis (e )
Whas 18 the measung of Save (car car 1), an sous with
oovs (it o )
(co (car )
(Brsta (cdr 1))
(all? ) Yoo

Now what s the vlue of the e
[Cry p—

There 5 10 value, somethung 5 mussmg.

‘What do we need to cons atoms ento?

Alst
Remeuber The Law of Coos?

What i can ve g e (sl 1) 5
rue, for the purpose of consing

Smee the final value must be a list, we can-
Dol use b or ml Let's By (quote ()




With () a5  value, we now bave three cons (3 ¢ )
steps o go back and pick up

3. cons 3 anta the value of 2
. slternativaly,

o, altematively,
T We need to

cons a onto.
the cars of c onlo
the cons of e anto.
0

In any case, what 1s the final valne of
(Bests )

With which of the thee alternatives do you  Carrect! Now you use that one
feel most comfortiable

What 55 cream with fudge topping for dessert)
(insortn new old lat)

where

e s oo

ol e, 5

S et g fordessr)

(et new old la), where
new s alapeio,
old 1s and, and
i 15 (t3c0s tamales an sala)

{tacos tamales and jalapefo salsz)




(nsertn e old o), where
new e,
old i 4, and

ltis (abcatgdh)

(Gbedergdn)

In your own words, wist docs
(nserta new old laf) da?

In our words
Ttk e epunens: e st acn
and old, and a latTnsertR builds a

with ng mmuzudwmngh‘ﬂmﬁm

See 1f you can write the firs three lines of
the function mserth.

(define msert
(mbaa o old L)
(cond

azgument will change when we resur
iy

la o wecanonly ok o e of o
atoms at

How many questions can we ask abot a7

Two
A lat 55 cither the null st or a nonmull
st of atoms

Wihich questions wil we ask”

Pirst, we will ask (mull? lat) Second, we wil
ask t, becanse t 15 alwaya the last question.

What do we know f (null? af) s ot true?

‘We ko that there s at least one element.
ot

‘Wi questions wil we ask about the frst
demert?

Fust, we will ask (s (ca at) ld). Then
e 2k & because there are o cher oterest




Now see f you can write the whols function
msertn.

Here s our first attempt

(define wsertn
(lambda (new ofd tat)
(cond

(——
{t (cond

_—)
— M

(——

(lambda (new old lat)
d
{(mu? dat) (quote ()
( (cond

{(ea? (car lae) old) (e lat))
(¢ (com (e lat)

(msextn,
new old (edr lat)))))))

Whst s the o o ha bt vo ot
wrote, whe
new s mpp-mx,

B Gt fudge for dessert)

(1ce cream with for deser)

Notic ha 1z, i ks same s rn
ber; bt o wsertr, what do we do when
(6 (e L) i) I s

When (car lat) 1 the same s old, we wont
£0 wsert new to the right

How 1 this done?

Let's try copswng new onko (ede lat)

Now we bave

(Inmh-h{uw old lat)

cond
{(aull? lat) (quote ( )))
(v (cond
((eq? (car i) old)
(covs.new (ece tat)))
(& (cona (car lat)

4
e old (ol L))

Yos



5o vt (. o ) v, v
new s top
Ol fodg tnd
lat s, i cream ath fudge for desset)

(1ee cream with toppng for desser)

s this the bt we wanted”

No, we have aaly replacd fudge with
topping

‘What still needs to be done”

‘Somehow we need to include the atom which
15 the same as old before the atom new

How can we wnclode old before new?

Try conswng old anto (cors new (odr laf))

N you b be s 12 wethe et of
the fanction mserth.

(define
i (new old i)
{(mall? lat) (qote ( )))
( (cond
((ea? (car tar) ald)

eous old
oo new (o )
(¢ (cons (cax

wew old (odr a)))))))))

sopring old s Gl o ot .




Now iy moer
et e the o e o the
:41 ofthe first cocurrence of the atom old
mlat.

This el s casy, rght”

{detine
(...,.w. e old 1)

it 1 (v ()
(& (cond
(e (s ) o)

(eons
(cons au (et )
(s (cams ¢

o it (eds )

D you think of & different way to do 17

For exsmple,
{(eq? (car lat) old)

id)
s new (cons old (eds at))))

),
e (oo ol e o) whae ld ot

{oae 1ty e s

Now try subst.
Ho (st ne old o) places th it
currence i the lat with the atom
e Forexacnle, where

and

I i e cream it e fr desor),
the value

e cram wih oppin for deser)
Now you have the idea

Obwosly,
(define

subst
{tamivda (new old lat)

(con
(sl lat) (quote (1))
(& (cond

¢ (co
(e car la) old)
{eons new (ods lat))
{t (cams (car lat)

bt
new old (cdr )))))))

This Is the same as our second attempt at
macrtn.




Go cons a pree of cake onto your mouth

N ry sl

(mbs\z e ot o8 )
ceplaces other the first occurrence of o1
e et ccereenn f o5 o e o

lat 15 (banana ice cream
with chocalate topping)

(define subst2
(lambda (new o1 02 lat)

cond
(aal? 1) qmote ()

teond
{{ea? (cax lat) 01)

he value is (sul new
omits e cream o1 o2 e ) D))
i e o)
T — Replceth b e e abt e cr L)

(for (ea? (car lat) n) (ea? (car Lat) 02))
(cons new (e lat))

If you got the last function, go and repeas the cake consing



For these exeroises,

1158 ((paela spaish) (wine red) (and beans)

19 1 (cncinats el
4 1 (exas hot chii)

15 i (so sauce and tomato sauce
lc s (1spanhh) ( ) (Dalh))
dogs)

31 Wiite the fonction seconds whneh takes & st of lats and makes a new Iat cosisting of the

second tom from each Int i the list
‘Example: (seconds I1) s (spansh red beans)
(seconds 12

{seconds 17) is (hot dogs)

 and ! which mak

32

axe clements n |

Example (dugla o2 14) s (hot hot hor)
(dupln o2 18) i ()

{dupla a1 15) s {chii ehili chi chi chif)

3.3 Wite @ and | wheh s 3

Betore o ke o »
Brample (double o2 1£) s

ol o 1) (s

[t ietuighery

s as there

The functian doubles



34 Wnte the function subst sance of a and | whick substibutes a for the first atom sauce i |

{subst-sance aj 12) s (

35 Wete g1 o o8 wnd
ccurcence of either o1, 02 or o3 in lat by e
Bxample (-nmx o5 et )i oy ot ot sauce)
Y)is (um sauce chi)
b

5.8 W the fichin sbe ofn, a5 o Vo regaes e st s 1Lttt
also occurs n slat by the stom.
el (N a8 5 1) s b )

{EVi of 1 190 o S o et )

{aubstN af 13 12)is ()

2.7 Stepthongh tha spmleaton (e of 15) Al s haogh (e of o )b the
“had® defaitions of

38 Determune the ypacal and the natural that you have
written 50 far
wmbeﬂo[nanﬂl ks e second ocourrence of & m |
Exnmpw {rombect a1 19 it 38)
s 115 b s o ot
(remberd of 12) 5
Hint Use the fanchion rember

20 Comader the st ety o st They e ol vy s Wete he
er and draow boses azound the perts that they have 1n commen. Gan.
oo e e o it s s



Numbers Gartiés. :




15 16 an atom? Yes becanse all numbers are stoms

s (atom? n) troe or false where True, because 145 an stom
nisla
Is -3 2 mber? v
e do ot consider negative
st bl
1531415 & mumber” Yes
However, we cousider only whole numbess
1n this book

Are 320 31615 mumbers? Yes
ver, the ooly pumbers we use ae

the nonsogative integers (ie, 0 1,2,3,

4

What 15 (add1* n) where &
nis61

P
[T —

What Is (sub1 ), where i
niss



’(suunx-h-u-uun—--u-
1 oo s I e, i et

Ts (z0r0?! 1) true or false, where
w0

o
b e

True

s (sero? n) true or flse, where
nis 1492

What 1 (4 m), where
wis 6 and

mis 12

Dy to wrie the function +
s 3ero?, addl, ana subl

(define +
(laxmbda (n m)
(cond

((aero? m) )
(t (addl (+ n (subl m)))))))

Wasa't that cosy?

But didn't we Just violate The st Com
‘mandment”

Yeul However, e com rest zero? ke sl
since sero? ol £ & number is empty and
Dull?asks f o it is empty

1F5er0? 5 ke null?, 15 2dd1. Lke cons”

Yes! cons builds buts and add1 bulds num
beis.



What s (- n m), where
s 17, and

ms9

What 1 (— 1 m), where
ns3,
miss

No saswer

[ ——

Try to write the fanction ~
subL.

How sbout this
fomooet®e
(define — 1
(la(mbdA m)
((aero?

m) m)
(& (subL (= n (subl m)))))

Con you dscribe bow (— n m) does what 1t
does?

It takies two mumbers as
e e s s, T b
tracts one rom the fist mmbes 25 masy
@ to cause the socond one o

reach sero.

s 8 c?
PRERRD)

Yes, becanse i 1 & bt of mumbers

Is this v
ety

No, 1t 15 ust & st of atoms



s thas o vee? No, because 1 13 2o 3 st of sumbes
(8139 (14)8 20t 2 sumber

I this n vee? Yes, it 5 3 st of ser0 pumbess This speeual
0 caseis the empty vex

‘What s (sddvec vee), where 18
vecis (3526)

What s (addvec vec), where
vecs (1567 123)

‘What does addvee do?

e bulds 0 mumber b toallog all the zm
bers in its argument

‘What Is the natural way to buld numbers
from a it Just s cons 15 the natural way (o
bald ists?

By usng + 1 place of cons

Wi buting It b con e el 0
the termunal condition i () What sbovld
e the valus of the temminal condicion when
‘building numbers with +
e

What 1 the natuzal termnal condition for &
)




‘When you wazt to buid & number fom &
ot of mmben, whahaboi te emns
condition lme look like?

{(mall? vec) 0), Just
((mm 1) <qnuu O) ) ) 8 often the termmal

‘What s the termnal condution Lme of
addvec

{(oull? vec) 0)

How s 2 lat defined?

It Is ither an empty lat, o 1t contauns o
atom and a rest, where rost s again 2 lat

How 15 2 vee defived?

Tt v either an empty vec, or it contains
mber and o rost, whese rost 1s again & vec

‘Wit 35 used m the natural recursion on &
purry

et lay

‘What 1 used m the natural recuzsion on &

(ede vec)

Bocau the st o ooy oL
‘and the rest of & non empty vec s & vex

How many questions do we need to ask
about 2 lt?

How sy et do e et sk
abouta

T beue o 8w ampy s 183
and a rest, which s agam & vee



How many questions do we need to ask
about a number”

the natural recursion.

(preliminary)
‘When recurring on a list of atoms, lat, or a vec, vec,
two questions about them, and use (cds L) or (cdr vec) P

The Fourth Commandment H

When recurring on a number, 7, ask two questions, and
use (subl n) for the natural recursion.

What does cons do?

1t bulds buts

Wit does addvec do?

1t builds a numbes by totalling all the mm
bers ma vec

‘What 1 the terminal condition lme of ((aull? vec) 0)
addvee
‘Wha 1 the natural recurson for addvec (addvee (e vec))

‘What doos addvee use to build a mmber?

It uses + bocause + bulds numbers!



‘What will b the last oo 1m the function

(define addvec
(lambda (vec)

nd
(ot occ) 0)
[p———

m

(6 (+ (car vee) (addvee (odr ec))))-
) G i

and the last line of the function rember:
(¢ (cons (car lat) (rember a (cds iat))))

What s (x n m), where
wis 5, and
ms3

What s (x n m), where
wis 13, wnd

mis4

What does (x  m) do?

1t bulds up a mumber by adding 1 up m
times,

‘What 1s the tertmnal eondition Lne for X

((serc? m) 0), because n x 0 =0

Singe (serc? m) 1 the termmal condition, m
must oventually be reduced to zeo. What
funetion s wsed to do this?

subl

What 1 anothee mame for (x m (bl m) 10
th case?

Natuzal recursion

Try to write the function x

(acine x
(\.(..M. @m
(o
o e |




What s the m
( n (x 1 (sub1 m)

Tt adds m, that 1512, to the natural recur
sion. I x s correct then (x 12 (sub1 3))
should be 2¢

What ere tho new arguments of
(nm)

7812, and ms 2

(o m)

(4 (x n (b1 m)))

Tt adds n, that 5 12, t0 (x n (subl m))

Wha ae the new arguments of
Ccnm)

Aul2andmsl

(zero? m) No
What s the meaning of It adds s, that 12, to (x (bl )
(0 (x n (bl m)))

What 15 the value of the me
((zaro? m) 0)

0, because (aero? m) 1 now true

Are we fnshed yet?

No




e s s e wxamtxan

restons mpl .

ol mupleion of ors Bx2oxain
xa-wx0t
1x0-0

oviinen

w

Wiich 15 a5 we expected This techmique

functions as well as to
asguo their correctaess

, why is 0 the valuo for the termumal  Becaase 0 wll not affect + That s,
condition line in n+0

The Fifth Commandment

‘When bullding a value with +, always use 0 for the value of the
terminating line, for adding 0 does not change the value of an
addi

When b a value with x, always use 1 for the value of the
terminating line, for multiplying by 1 does not change the value
of a multiplication.

‘When building a value with coos, always consider ( ) for the
value of the terminating line.




What 1s (roct vect vec2), where
wect is (36 9 11 4), and
vect 1 (85207)

(111111 1y)

‘What 15 (vec+ veel vec?), where
wvec! s (23), and
w21 (4 6)

©9)

What doss (vee+ sect vec?) do?

s e the ok smber of v t0 e ok

of vecs, then it adds the second
numhnn[-a:lwlh:wmdmbnd
vee, and 50 on, bullding a e of the an
e, i v ot s gt

What 1 ususual about vec+

1t looks at cach clement of two vees at the
‘same time, or m other words, it recurs on
two vees.

1€ you recur on one vec how many questions
o you have to ask?

Two, they are (aull? vec) and t

‘When recurriag on two vecs, how many
qutsions e 10 b askd ot t e

Four: ifthe st vec 1 empty or noa-eamply,
and i the second voc 1 emply or pouvemply

c.nmmmuu()nm.mumu
the second 1 other

No, because e vecs are of the same length

How many questions do wo really need?

Two




‘Wite the funchion veo+

(define veot
(hmbdl (vect vecs)

o s lavte ()
(-t G o) e e

(cdr veet) (eds vect)))))))

‘What aze the arguments of + m th last
jrewcy

(ca veet) and (car vecs)

What are the asguments of cons un the last
Ime?

(+ (oar veet) (ear vec)), and
(vec (ed vect) (cdr vecs))

What s (vec+ vect vect), wheze @)
weet s (37), omdd But let’s ses how 1t works
et i (4.6)
(@ull? wect) No
cons 7 onto the nat

(+ (car vect) (car vees))
(vee# (eds veel ) eds vecs)))

o (i o) o v

Wiy doss the sabuzal socurmon mciude the
car of both ergumenta’

Becauso the typical clemont of the final value
1 the car of bt e, 0 o 5 s
o conicle th v o bt o



15 the valne of the e
((uull? vect ) (qote ()))

O

‘What s the vluo of the appliation?

(713)

)
That 15, the cons of 7 oato the cons of 13
onto ()

What problem arses when we want
(vec+ et ect), whero
wect Is (37), ana
vect 1 (46 81)

‘When vect eventually gets to be (), we quit,
ittt e e el e il (1 35

hich 15 wrong The final value should be
ey

Gan we sl writo voc + oven if the vees are
R the same length?

Yes!

ot vl changscan e ks
toemmel e g th come:
Snal value?

Replace
((oull? vect) (uote ( )))

((oul? veet) vec2)

Wi (et et ) whrs
vect s (3761), and
wect s (46)

No answer, since vec? will become null be-

fore vect.

See e o Commandment We
all the necessary questions!

‘What do we need to iclude m our function?

Ancther termunal condition




‘What s the other termmal condition line?

((ault? vece) vet)

S0 now that we have expanded our function
definition 50 that vec+ works for any to
vees, see f you can rewsite it

(define wect
Clambda (vect vect)
nd
((ma? m) ol
((al? ve
[t b -

(et
ot wet) (e e

Does the ordor of the two termunal conds
tions matter?

No

Ts  really the last question”

Yes, because cither (wall? veet) or
(ol e e e f it e of them s
ot contain at least o

What 1 (> n m) whero ol that 1, e
s 12, 3nd
mis13
What 15 (> n m) where t, that 1, true
s 12, and
ms 1t
On how many mumbers do we have o recu?  Two, 1 and m




How many questions do we have to ask
about 1 and m?

Three (sero? n), (2aro? m), and t

Can you wrte the function > now usiog.
aero, add1, and subl

How about

(@efine >
(lambda (n m)
(cor
((aexo? m) t)

((sero? ) ni)
(& (> (subl n) (subl m)))))

Is the way we wrote (> 1 m) correet?

Mo,y forth case e 30 a0
et

nand m be3
(rer0? m), whese No, 50 move to the next question
3, and
mis3
(arot ), whero No, 50 1o to the aext question
s 3, ad
min3

What s the meanung of
(> (subL. ) (subt m)

Recuz, but with both arguments roduced by
one.

(st ), e
nin 2 and

No, 50 move to the next question



9 Recur, but wnth both arguments closer to
(> (sub1 ) (subi m) 2ero by one
(aesc? m), whoro No, 50 10ve to the nexi question
i1, and
misi
(sexo? ), where Mo, 50 move to the nevt question
s 1, and
misl
What s bhe meaning of Recur, ut with both arguments reduced by
(> (sun n) (subd m)) ome
(aesc? m), whore Yes, 50 the value of (> 1 m) 5 ¢
nis0, and
miso
Is ths correct? No because 315 not grester then 3

How can we change the function > o take  Swch the zero? kmes, that 15
caro




(< m), where
s 6, and

s

Now try to wne <

(define <

(lombda (n m)

(cond.
((sero? m) nal)

((2eco? m) £)
(¢ (< (subl m) (subl m))))))

Hers 8 the dofinltion of =

(dofine =
(lambda (n m)
(cond.
((aeco? m) (auro? )

((sero? ) nil)
(¢ (= (subl ) (subl m))))))

Rewate = wang < and >

)

thus mean we have two

o duffrcat
tions for testing equality of atoms?

Yes, ey are = for atoms which are aumbers
and eq? for tha others.'

e PR —

(1 1 m), where
s 1, and
misT

1



(17 m), where

125

Now wmte the fapetion.
ot Se th T Foveth o i Com
‘mandments

(dsfine ©
Qammbaa (2 )

oon
(oers? m) 1)
(0 n (7 Gubt m)))

What 13 the value of (length la), where 6
lat is (hotdogs with mustard saverkraut
0 pckles)
is length o), vt 5
Y e S o)
Now ty to wrte the funclion length. [
Gambda (i)
(cond
((mul? at)
(& (a1 Cluh (e )
macaront

Whas 1 (pick n lat), where
i, d

lat s (lasagna spaghet raviol
macaroni meatbll)

Numbers Games



What s (pick n L), where Let's define one ml

00,401
s ()7
“Try to wnite the function pick « ik
Cambia (n lat)
kN
((zexo? (sub1 n)
o oma ) e
Docs the orderof the two termmal conds Tk about
matt?
Docs the order of the two termuzal conds Toy f outt

ons matter?

Docs the orde of the two previous auswers  Yes Thunk fist, then try
‘matter?

W s o L), s (hotdogs with mustard)

' rerdogs e ot mstad)

What s (rempick » lat), where Let's define an asswer ()
nis0, and
latis ()



Now try to write rempick

(define rempie
Qammbda (1 lat)

(cond
((mall? lat) (quote ( )))

(f? (it ) (o L)
¢ o s )

1mb1 ) (eds )

s (aumber?” a) trve or falae, wiere Ralse
ais tomato
Er—
Toue

Is (pambes? a) troe or fake, where
asT6

Gan you wrate mumber?, which i true if its
e
‘nen-mumeric ato

No. number?, ike addl. subt, zero?, car,
edr, cons, mll?, eq? and atom?, is &
e

Now, nsing numbor? wie a function
Domins, which give 5 2 fnal vluo a lat
obtained by removing 2l the numbers from
the lat. For example, where laf 1

(5 pears 6 pruncs 9 dates),
(no-mums laf) '

(pears prunes dates)

(define no-aums
(lammbda (iat)
d
((ml-‘l” lat) (quote ()))
(& (oo
oaber? (e )
(mo-mums (odr
(¢ (con (car lat)
(mo-musns (edx &)




Now wrte all nums which buids a vee a5
final value given a lat

-
s ()
P

(@ 1) (quote ()

(t (cond
((nmmber? (car lat))
S,
(e
¢ Sl w

Weite the fanction eqaa? which 1 true 1f
s two arguments, af and a2, are the same
atom. Remember t0 wse = for numbers 2ad
eq? for all others.

(define eqan?
(tambda (at a2)

(comd
((aumber? a1)
(s
((number? a) (= af a2)
(¢t )

((mumber? a2) mt)

(t (ea” a a2)))))

an e assume that al foctions withen
uing eq? can be genoralised by eplacing eq?
by eqan?

es, except of course, for eqan? sself




Wouldn't & (ham and cheese on rye) be goo

Don't forget the mustard!

Numbers Gazmes



Exercises

For these exerues,
vect 15 (12)

41 Weite the fanction dupleate of  and ofy which bulds a st contaiming 1 objects by
Example (dupheate three ob7) is ((xy) (xy) (x9))y
uplicate zer0 ob7) is
(duplcate one vect) i ((12))
4.2 Wnte the function multvee that bulds a mumber by miltiplymg all the auzmbers m &
Exsapl: (it sec2) s 20,
vee veoS) s 6,
s 1
43 When buuldmg a value with 7, which velus shovid you use fo the termmnal line?

44 Argue the correctnes fo the function 7 28 we i for (x 1 m) Use 3 and 4 an data



4.5 Wt the fnchon e of a s o st s plac o the som o 1 - You ay
ume that a 15 a member of la¢ Hit: Can lat be ompty?
T

s i (e i car ) ),
v, and

th o .m- auto motar),
e have (index a laff) is
(indox o o) 1,
(ndex b lat2) is &
6 and vecs
and vect and builds a new ves from the ress Tho vecs, veed and. uecZ, may diflr in Jongth
Bramplo (ot et wst) 8 344)
(product vec? vec) is (62 12),
(rodun ves vl i 1229

47 Wnte the function dot product of vec! and vec? that miltplies correspoadiag umbers 1n
vec aad yect and brilds a new number by summng the resulfs The vecs, vect and vecd, ave
the same longth.
Eraarie: dtrodact vet vect) 20,
(dot-product vect vecf) is 26,

(v rodoc v e 17
48 Winte the fancton / that dwdes nonnegative mcgers
Baple(/ nm) a1 when n s Tand 5

nmud wannusmdn s

{7 m) 00, when n 52 ond m

mmrkmda&uaduamb(bmnumdm*l)andammuplelddmono[m
The mumbes of additions is the reait

49 Hore 1 the fanction romarnder

(define
umba. am

(b (=n (< m (/ n m)
Make up examplos for the spplication (remainder n ) and work through them
410 Wit ta funchon < whch et f b umbets e el o o e st I ththe

mm. (oo e
(< one one) is true,
S






Wette the function member?

(cond.
(@ ) mi)
(tox

|

lat) @)
" a (edr @)

Do you recall, or can you see cow what
member? does?

18 chcks sch st of ot b 218
the same a5 the ator
o ocomenes of o ton s rreon £

‘Waite the function rember (define rember
' (lambda (a lat) '
(ond

|G e |
et i oy st |

el
o (cde L)) I
Do you secal or can you see mow, what  Remmber loks ot exch stow of ch Lt t see

rember does?

if it is the same 25 the atom a. If it & rot

b s the o sed procests When

1t fnds the frst occ it stops

‘and gives the value (Aﬂrlat) or uumn(

the lat, 5o that the value returned 1

nmwm,.mmmmm
removed



Write the fanction. gves
a5 i final velue the lat with all occurzences
of o remaved

{define multwember
n.mbd. (o dot)

- )
(l(wmi
(¢

—_— )
(—— m

(define multromber
(lambda (a fat)
(cond.
(i tt) Cqute ()
(& (cond
{(ea? (car lat) a)
(m ululemb-r a (cdr lat}))

[ (cam o

a (tdr 'ﬂ‘)))))))))

e v st vl when
e (m m) a) s true

Consider e

prippey

Tt (el cup en up and ck )

‘Aftr the fist ocoumence of
e i (b o 1)
nder 0 remove the other occurrences,
“The value of the applcatios 5
(coffe tea and k)

Gan you see kow mulirember works?

Pty ot to v vl o o s
o aive at the value
e tn o i)

(uull? Jot)

No, so move to the next e

(ea? (cax lat) a)

No, 50 move to the next line

‘Wit 1 the meamag of

(e tot)
(mulirember o (ods L)

Seve (ar ) sl ol o e el
calo e vl of mlicniier o (s )
later. Now dotermun
Cotirebe o (i )



(oa? (cae at) @)

Yes, 80 forge (car at), and determne
(muizember a (eds at))

(woll? Jat)

No, 50 move to the next e

Yes!

(o0? ear ) o)

o, 50 move to the next line

What 1 the meaning of

e
(multivember o (ed at))

Save (car lat), samey tes, to be conmed anto
the value of (mltirember a (eds la)) later
Now

(multivember & (cdr lat))

(ul? tat)

o, 50 move to the next line

e (o0 1) )

Yos, 50 forge, (car at), and determine
(multicember a (cds lat)).

(o lat)

No, 50 move to the next ine

(ea? (car at) @)

No, 50 move to the next e



Wit i the s of

e )
(mlicember o ez o))

Save (car lat), namely and, to be consed
toths i of (mkvenbe o (e et}
later Now determine

(amiiesber o ede o))

(ult? at)

No, 50 move to the next Line

(ea? (car ) )

No, 50 move to the next lne.

What 1 the meanung of
(cons

oo at)
Couliember a (ol 1)

Seve (car lot), namely hck, o be consed
sl e vl of(malicember & e )
later.

(mttirenber o (i ta)

(oull? tat)

No, 50 move to the next ne

(ea? (cex lat) )

es, 5o forget (ces at), and determume
(malirember  (cdr fat).

(zll? fat)

Yes, 50 we have a valve of ()

Are wo finsshed?

No We skl have several conses to pick up

What do we do sext?

We cons the most zecant (cas Lat) we have,
namely bick, orto ( )



What do we do ext?

We cons coffee onto (tea and hick)

Are we finished now? Yes
[ —
[T i (s
s o 1) “?‘“’“"“‘ i
{cond {{owll? lat) (quote ( )))
(— ) (¢ (cond
{t (cond {(ea? (car lot) old)
§ —_ ) (u;na (cax laf)
i
(uir 1a)))
e
Pt ket
new old (eds at)))))))))

1t would also be cormect to we old m place
of (cax af) because we know that
(eat (cax laf) old)




Ts thus function defined correctly?
(detine mltimset.
(1ambda (new old lat)
{cond
(uul? ar) (quote ())
(t (cond
et (e L) i)
(oo new
(cons old
(malinsert
new old lat))))
(s (eons
(ear m)

(multiiase
new qrd {edz @)))N))

ot qute To fnd ot why, g0 theough the
function, vt

new um.«

ald s fish,

it e — fned)

‘Was the termusal condition ever ceached?

No, because we neves get past the fest oc
curtence of old.

Now try to write the funetion: multunsert.

[ —
{lambda (new old lat)
(cond
()
(¢ ond
(— — )
| p—— )

(define mulisect,
(lumbda (new od 1)
(cond

(ot L) (ot )
(e eae L) ld)
oo ola
. (wi‘"("‘ i (o a0

(mlios
new ald (:d( L))




The Sixth Commandment ”
Always change at least one argument while recurring.
The changing argument(s) should be tested in the termi.
nation condition(s) and it should be changed to be closer
to termination. For example:
When using cdr, test termination with null?
When using subl, test termination with zero?

Now e e fuston malbothst (G i
(define multisubst (lambda (nnl nu lat)

e (e 4 ) (cond

(o 2 oto )

o - J (ot ) )

—

 Ge—— et etk i
el

Nb’ (cdr lat)))))

Now write the function oceur whick counts

o o om o n (define ocour
he number of et an tem ¢ ppese a8 . )
(cond

(define ((aut? at) 0)
(lnmbdl (o a0 (¢ (cond
(et cax tat) a)
(add (occur o (ode 60))
X (umd & (oceur a (cds )
( _— — ~)7))7)




ot the it one? whers (ot ) ¢
M n s 1, and false (i e, ) otherws

| (define one?
(1ombda ()
(cond
((sero? n) ml)
(& (zero? (subl n))}}))

]
o

(define one?
(tambda (v}

(¢ (=n 1))

‘Guess how we can further sumply tus fanc.
tion, malang it & one liner

By removing te (cond clause, we get

(dofine one?
(tambda (v}
(=n1))

Now rovmt e fuostion rempick s v
4 atom from the laé For exam
oy e

n1s 3, and
lat s lemon meringue sy pi)
tho spplicaion (rempick n (at) bes the value
(emon-meringue pi).
e the fsion one? in your snsver

| (define rem;
Qb ()

((one? n)
(¢ (cons. s w;

((n\lll" 1-‘) (qume o
(remplck }
(subl n) (e )

I3 rempick a “mls® function”



Exercises

For these exercies,
=15 comma

a1 kivis

5 plums

et 1 (bananas ivis)

1t (eches apls sarans)

1t s e s e )

lat{ ia (ki iavas Kiwis)
14 o eicon 15

12 18 ((peaches) (and ceam)

19 i ({plams) and (ce) an craam)
()

51 For Exereise 3.4 you wiote the funchon subek cake Weite the funchon muliss
Besase (e i) Lt s (o o]
Itisubst-kiwie y lat2) is (peaches apples. nas},
fomtemin i (s o o )
(mmtisubst kiwis y 1f) is
52 Wite the function mulisubet2. You ca find subst? ot the end of Chapter 3
e (e 5 ¢ ) o s comn
15 (do pears dot bananas cherres),
(et s = 3 ) ontm o),

53 Wole thefuscon mludovs of bt e pfaos svery shom i by o1

ey (o ) (amr) ),
i ) s (pachs) G s,

‘The Multchapter Chapler




5.4 Weste the function occurN of alat and lat wineh counts how many toes 2u atom
lat

Brample: (oceur latt 1) 9,
(oceur lat1 lat2) s 1,
(oorurN latt lat5) s 2

5.5 The function I of Iatf and lat2 returns the first atom 1 lai2 that 15 m both lat1 an.
‘Wiite the functions 1 and multl. mulsi reburns a lst of atotss common to latt and lat2

(ultl fat1 La¢3) is (kivis bananas)

56 Conauder tle follovang alternaiive defiaston of one™

(define one?
(lambda ()

(cond.
((ero? (subl ) 1)
(¢ =)}

‘Whieh Lasvs andfor Cormmandments docs 1t violate?
57 Conauder the followng defimtion of =

(define
(lambda (n m)
e

((zexo? n} (zero? m)}
(& (= n (subl m))))))

‘Ths defimtion vioates The Sexth Commandment Why?



be: e What 15 wrong with

58 The fnctic h
the following definition? Con you fix it?

(define countd
(lambda (vec)

o ) 2
(t (cond

K(tuu" ( (car. m
ves)))}
U (cn\min (cdr mnmm

55, Weie th ucton il f | v s ey L of Lngh oe o by e shom 2
that 1st, nd wi et empty ls
Example: (mulnu

(o ) s Gy e

Crliiag 12 s (peshes (ond ream)
510 Review ll the Lews e Comumandueats. Check th funclions  Ghapters 4 s 5 0 see
f they abey the Commondmenta When dud wo not obey them lteraly? Did we act sccording
to thez spirit?

But answer came thers none—
nd this was scarcely odd, becase
They'd caten every one.
‘The Walrus and The Carpenter
“-Lewis Garroll



*Oh My Cawd*: :
It’s Full of Stars

\(




or fakse, (not (atom? 1)), where
+' ranion gulah)

(not (atom? 5)) where
s is atom

(not (atom? s}), wk
s is (turkish (1%) and) bakiawa)

© Do you get the 1dea?

What is (lefimost 1), whe ot
Y (o) (oms (ord) chse)
(at? 1), w nt
i ivon s (and) ey
s (car ) an atom, where No
115 ((hot) (tuna (and)) chesse)
What i (ieimost 1), whero ramburger
Uis (((hamburger) rench)
(fres (and ) coke))
4

What s (lefimost ), whero
Lis ((((4) four)) 17 (seventean))



We occurs
(define occurs lnesecwrs
(1ambaa (a ) s
g (e 00y
—] (oon-sios? e 1)
 —— e s ey
— n o (o e (cdr D))
(wt
o e
Eloce = et Y
(subsis nw old 1) where p—
et (e (((oange )
i ey = (ceam (oange]
118 ((banana) sherbet))
e (s ) P
(bread)
mmm) {orange brandy)
(banana)

(bread)
(Eanans branty)




(define subst
(1ambda (new ol 1)

(cor
{(oull? 1) (quote ( )))

: R _; ((non atom? (cae 1)
(— i (subsi new old (car 1))
o (bt new o (et D)
1(&:1’( e ol N
e new ad (o 1)
(& (cons (car 1)
(subsi
mew old (eds NN
What 15 (msertis mew old 1), where ((hon i (o)
new 5 pec
old s huck, and (3 (wood) eckr chuckl)
s (umw much (wood)) 1(1\*:»« chuck)))
(110 (o pcer )
:E? o) ruck) could pecker chuck wood

W oo chucky)
could chuck wood)




Weite insertzs

(define mseizn
(tambda (new ald 1)
(cond

(b (v o4

it 1 (qunte ()
(oot (1)
O tn mow (e 1)
(o e o i e N
o
et (e 1) oty
(coms new
eons ol
(imertze
new atd (eds D))
(¢ eona (car )

(msertr
new old (cdz 1))

(members o 1), whero
a8 chi,
11 ((potat) (chis ((eth) ish) (chps)))

¢ becausa the atom chips appears 1 the

Wits members
(dsfine meabers (lamba (a 1)
(lambda (a 1) (eor
({ou? 1 ni)
(e o e )
o fear )
(e« e By
(tor
(et

(ear 1) )
(members a (cdr D))




wmutmhm a 1), whero

T (o (o (o)) ()

Wihich chips dud 1t ind?

((potato) (chups ((with) fish) (chips)))

Tey to wnte. using.
oo-atom?

(define members
(lazabaa (a )
cond
(o ) i)
(ot 1)
ot (s 1
(member+ o rm )
(tor

(mombers a (car 1)
(members a (eds D))N)

Do you remember what (o ) does?

{or ) asks queshions one ot a tuoe uatil i
finds oo that Is trae. Theo (or ) stoos,
‘malang its value e 17 it cannot find a

rue argument, then the value of (or ...)
flse

What is
(av (atom? (car 1)
(eq? (eac 1) £)),
18 pizza,
Uis (mozzarel przzs)



Wiy s . false? e (.. ) s (sbom? (e 1), 2ad
laoot; o

G gn g s ud Lwhee e Bero e

sression 1 true = is pieza,
ln(vm(hﬂﬁlmd))

Putm your own words what (and ) does  (and . ) asks questions one at a trme st

rpet ity

oo o e, s pse ot o of the
arguecs o (and....) aod (o
considered!

L e ——
L

True, becavee (and ) stops f the first
st hasth il il and (o)
S th st angiment s

(ealist? 11 12), where
1 i (srawberry i eream) and
1218 (srawberry ice cream)

(oqlist? 11 12), where
1t (strawberry ice cream), and
It 1 strawberry crosm ice)




(ealist? U 12 i, bt almast ¢
1t is (besi ugm)) (and (s0da)}), and
18 15 (bee ({salam) (and (s0da))

(ecist? 11 12), ¢ Thet's betier

where
11 38 (boot usus-sn)) (and (soda))), and.
12 15 (boof ((sausae)) (and (s0da)))

What 15 edlist?

It s & function that determunes if the two
bt are structurally the same

Watte eqhst? usiag eqan?

(detine cqtist?
(lambda (i i2)
d

(con
((soa e 1) o 1) 0

(o oot s ) =

e (e 1) (car 1)
(ealst? (ede L1 ()}

‘Why 18 there no explicit st for atoms”

Tf e kuow that the car of each st 5 not.
a list, then the car of each list st be an
tom



‘Waite the function equal? which determnes
Ao S fons are stroctarally the

(define equal”
(lambda (s1 2)

(cond
((and (atom? s1) (atom? 2))
(cann? a1 52))
and
(non-atom? a1)
(non-atom? 22))

(eqlist? s1 52))
(& nil))))

Now, rewnita eqlst? wing equal?

[@onecar
(lambda (i1 12)
(cond

((and (oul? 11) (mull? 12)) &)

((or (cult? 1) (oult? 12)) )

(t (and
{oqua? (car L
(ealist? (cdr u) (m u)))m)

Ts equal? a “star* function? Yes
‘How would rembar chao aced lat
byix-n«u!hlndﬂ'wenuhc:i o [t e
arbitrary S-expression l'tﬂ::ll ()
((oult? ,) (ﬂ“ﬂ"( )))
l(
((ewﬂ'l (ear 1) 8) (edr 1))
(& (con (car 1)

(vember # (cdr 1))))))
((equal? (car f) ) |

(t
{t (cons (car
.-m (eds D))
| S— >




And how does that differ?

‘Rember now remores the first
S expression s in the list §, instead of the
first matciung atom a 1 the lat lat

Is rember a “star” function now?

No

Why okt Because rember uly recus wth the (cd 1)
Gan you simby rember” Obvanaty
(u.m. et

it 1 (auote ()
(¢ {cond
((oqual? (cax 1) 5) (eds )
(¢ eons (ca 1
Gember (e D))

Gan you sunphfy rember even more?

Yes, the maer (cond ) s eskng questons
ihai tho outer (cond ) could askd

Do

[ (aesine rembor
Qaumbda (42

iz 1 (avote (1)
(.‘,.,.n (o) iD) B

(rember s (cdr 1)))))))




Sunply wsertg

(define msertr
(lambda (new old 1)

<
umm ) (quote 1 >)>
(non-atom? (car 1)

(smsertue now old (car

)
(mae uu.- naw old (cdr 1))))
((ea? (car 1

old
et new ald (cds D))
(& (cons (car 1)

mew old (cdr D))

Do thesa new defimtions look simpler? Yoo, they dot
And they worl just as well Yes, because we kuow that all the cases and
recursions aze right befora we sizplty

The Seventh Commandment
Stmplify only after the function is correct.

Can all functions that wero written wsmug eq?  Nok quike, €his won't work for agaat, but

4= o0 moeid by placiug o and = il vk ol i, ot iageing

by the functlon equal? Vet cxamleof equt, sk ety
ot e




For these exarcsen,
1 s ((fned potatoes) (taked (fned)) tomstoes)
12 ({(chil) chil (chif)))
i5is
att i (chi and hot)
I is (baked fred)

61 Virte the function dowae of | which puts evry atom ia {1 a bt by siself
Example (dovr g) » ((((chilty) {chil) ((chii)))),
(downs tatz) I ((chit) (and) (hot))

6.2 Wike the function accurNe of lat axd I whuch counts al o torns that sce common to lat
andl
Example (occurNo lat 12) 13,

(oceuro lat2 11) 3,

{occurNe lats 19) 1m0
6.3 Wote oo of o1 { ch de
Tt {foun o 1) o) (b (1ed ) o, |

(doubles a 12) s u((m.) g 1:»:10)),
(e o) (e e

64 st pter 2 Argue why li? b
ot o ko the ot functions 1 Chapier 2) Why dbos Jai? not havo (0 recur on the car?

65 Make suro that (mebars a 1), whare
v
113 (potata) (s ((with) fs) (cvps)),

eally discovers e i chips. Cap you change mermbee 50 et s finds the last chps rt?

¥Oh My Gawd* Its Full of Stars m



66 Wnto the function st whnnh uds up all the pumbers 10 a genaral bst of mimbers

gl When i (66

i io (3500, ten
(st et

(st 12) is 13,

(st 13)

67 Conde the fllowing function g of fec and ace

1Inmhdn (e ace)
cond
wll? nee) acc)
(1amm” (car tvec))
(i (cds tvec) (+ car hvec) ac]
(¢ (g* (car twec) (g= (cdr Em) m))))))

“The function to a (general) b
out what the function does

68 Consder the followng function b of I and acc

(defina t+
(lambda (1 acc)
(cond
(ol 1 o)
(atom? (car )
(cond
(member? (car ) ae) (b (o 1) ace))

& (0 (el ) (cons (ca 1) aox))))
(0 (eae 1) (& (cds 1) o))

‘The function 1 always applied to & list and the empty bst. Make up examples for  and step

through the applicstions Generaliz in one soptence what f+ dot

89, Th huochos n Execon 67 and 6 enploy e accum

r technigue.

ikt ey pus o epment Ut reprsens the Tk b b copted b B

fmelon nach the oo (o o, ey ok e th sl contazd n
accumulstor is

D eveiater The osgnes e ot

used to be

that
e o o e b o S o oo [ T 5) o Lt s th

accumulator techaque. What is tha original value for



810 St trough an spplicaton of the oinal o and the o
pare the arguments in the recursive applications
technique?

Have you taken a tea break yet?
We're talang ours now

+OL My Gaswd® 1ts Ful of Stars







Is 1 an sathmetic expression’

Yes

15 3 an anthmetic exprossion? es, of course:
I5 1 + 3 an enthmetic expression? Yes!
55143 x 4an anthmenic expression” Defintely

Is cookie an anthmeti expression?

Yes Are you almost ready for one?

And what about3 Ty + 5

Yes

What 15 an anthmetic expression m your
wordst

“hur t.bz ‘purpose of this chapter, an arith
‘oxpression is either an atom (inelod
), of o athmetc xpre
o comiinid by wa e 0r 17

What 1 (quote a)

Wiiat s (quote +)

What does (quote x) stand for”




s (x + 3) an anthmetic expresaion?

Not seally, smca there axo
psSiilec e e
‘xprescion did not mention pereatheses.

Could w thuckof (+ 3) s an srthmetic
——

Yes, f we koop 1n mund that the porentheses
‘are not really there

What would you call (x + 3)

We call1t a representation or x -+ 3

Wity 8 (+3) » good zepresentaton”

Becawse
(x-+3) 1 an S expeesson. It can there-
it fo . urction,

2 Ti structurally resembles the expression
o want to reprosent
True or fase, (numbered? ) where True
znl
How do you represent 3:+4 x5 @ (4% 5)
True or false, (numbered? y) where True

PRI

True or false, (mumbered? z) where
s (2 x sausage)

Fals, becanse sausage s not a number It s
asymbol |



Now you can wate a skeleton for numbored?

(define numbered”
(lambda (aezp)
(cond.
[ ——
(o ——)
(

R
( —M

2 good guess

Wt 5 the fist question?

(atom? aezp)

Wit 1 (eq? (cax (cdr aezp)) (quote -+))

Tt the second question

Can you guess the third ons?

(eq? (car (cdr aczp)) (quote x)) s perfect

And you must koow the fourth one

(eq? (car (cd aesp)) (quote 1), of comrse.

‘Should we esk another question about aezp?

Not o we could replace the previous ques
n byt

Wiy do we e ot o ok o custons
t anthmetic expressions? Afier al
i et e 1 1 3 s s

B wocomade (113 80 cprcn
tation of an arithmetic in list
ot e Ik ot Ry et
‘expeession 15 eithe a mumber, or two arith-
metic expressions combined bY -+, x, 0F T




Now you can almost wnte pumberod?

Here s ur proposal
(define mombered?
mmm (ee)
oot i) bt
((ea? (ﬂ‘ (cdr aezp)} (q“ﬂ“ +))

((ea? (car (cdr aezp)) (quote x))

((ea? (cax (cdr aezp)) (quote 1))
_—M

T dowe i (umbect asp) when we
koow that aesp 18

Because we wast to know i all anthmetic
expressions that are atoms ere

‘What do we need to know if the aezp con-
st of i

‘We nsed to find out whether the two subex

byt

I whieh position 1 the first subexpression?

It 5 the car of aezp

In whieh position 1 the second subexpres.
sion?

It 15 the car of the eds of the cdr o aezp

S0 what do we need to ask?

(mumbered? (car aesp) and
(oumbered? (car (edr (ﬂr W))))
‘Both questions zust be

What s the second question”

(and (numbered? (car arzp))
(mumbered? (car (cdr (cdr aep)))))




Ty mumbesed? agan (define pumbered”
(lambda (aszp)

(cond
(ators? aezp) (wamber? acep))
Gt (o (e ) (vt )

m..mum (car asap))

e o e aezp))))
{(ea? {car (cdr aep)) (quote x))

(mambered? (car aep))

(aumberod?
(cer (cdr (odr aezp))))))
{(ea? (car (cds aeap)) (quote 1))

(nmambered? (car aesp))
(pambered?
(cax (cdr (cdr aezp))))))))

Simce aeep 18 kpown to be an arithmetic Yes

expression, caukl we have written mmby
ma simpler wey (define numbered?
(lambds (aezp)

(cond
((atom? aerp) (uanbes? aezp))
(& (and

(mmberea? (cr aczz))

(car (cdr (cd aezp))}))))))




(e 2) where
218 cookie

No answer

(valu aesp) returns what we think 1 the
natural vobue of a mumbered arithmetic ex-
pression

How many questions wil value ask about
aep?

Now, lobs wate a first attempt at value

(define value
Qambala (aczp)
(cond

((mumber? aezp)
((ea? (cer (cdr aezp)) (quote +))

((ea? (cer (cdr aczp)) (quote x))

t———m

Wit 5 the vl el of o st
exprossion that s

1t s just that nomber

‘What 18 the natural value of an erithmetic
st cmats of o st
expressions combined by

1€ we had the nataral value of the two subex.
ions, we cold just add up the two
values




Can you thunk of a way 1o get the value of ozamm, by applyng value to 1, and to
the two subexpressions in (1 + (3 x 4)) G

And m general? By rocurning with value on the subexpros-

The Eighth Commandment
Recur on all the subparts that are of the same nature:
—On all the sublists of a list.
—On all the suba{pxs'uuu of a representation of an
arithmetic expressi

Gave value snother try (detine v
(lambda (aes)

(number” acsp) )
((ea? (car (cdr ﬂn!)) (quote +))
(+ (value (car

(vnl (car (o (o acsp)))
(fea? (car @ ) aonie )
ol

o o (o (e )

g u An\u (cax aszp))

(ﬂl (cdr (cdr aezp)) )




Could (+3 4) Yes.

Or (plus 34) e

s (ps (omes 36) (oxpt 62) arepresents Yen

tion o an arthmeti expresion?

D to vt the acon e s Wikt

e ithmetic expression that is either '(—m——
e (lambda (sezp)

— a Lk of the atom plus followed by (cond
two arithatic expessions (umber

— a list of the atom times followed by ((ea? (m na;) (qnm plus))
‘two arithmetic exg (+ (value (cdr aezp)

—on et of he o ot lawed by
wo arithumetic e

(value (cdr (cdr aezp)))))
(feq!( (car cemp) (quote ines))

(edr aezp))
lue (cdr (cdr aezp)))))
(‘U(‘-\u(& aczp))
(value (cdr (cdr aep)))))

You guessed st

1t's wrong

Lot's try an example

(plus13)

(pumber? aezp), where
aerp i (lus 13)

No




And pow recur

Yes

What » (cd aezp), where
aezp 15 (plus 13)

a3

(13) 5 not our representatin of an anth
matic expression

Mo, v vlsod The Eght Commandment
(li)ﬁnﬂamhpui

o n etmese xpresiont We ob
Viowty mclm!dun;kﬂ But remenmber,
oot all ists ations o scthmetic
Crpresions We b 10 recur om Subexpees
sions.

How can we gt tha first subexpression of &
repsosentation of an rithmetic expression?

By talang the car of the cdr

In ot (e anp) st expremen

it 13

No, the cdr of the adr s (3), and (3) = zot
2n arithmetic expression.

gam, we e ong o s ot (s 13
nstead o the repeesenation for an xith-
metic expression

ek th car o the ci o the o et
back on the right track

‘What do we mean if we say the car of the
ed of aczp?

The first subexpression of the representation
of an orithmetic expression




Let's wnie a function Jst sub-exp for anth
metic expressions.

(define lstsub-exp
(lambda (aez7)

(con
(& (car (cdr aesp))))))

Why do we ssk t7

Because the first question 1 also the last
question

Can wo got by without (cond ) ifwe

Yes, remember oneLners

don't nged.

(define Ist-sub-exp
(lambda (aezp)
(car (edr aezp))

]

‘Wate 20d sub-exp for anthmetic expres-
sions,

(define 2nd.ub exp
(lambda (asz5)
(car (odr (cdr aesp)))

fmﬂly fo replce () by

(define opeator
(lambda (aezy)
(cer aexp)))

.




Now wrte value agam

((mamber? esp) aesp)
(e (operstor aezp)
(auote plus))
G e it by )
(ralue (2ndsubexp acz))
(o st =
o
O (e (nmm aczp))
(ite Gotwibesp acl)
(& (val\u (1st-sub-¢
(el

(ot mioan )|

Can we use tus value function for the first
representation of arithmetic expressions &
this chapter?

Yes, by changmg 1st sub-exp and operator

Dol

(define Istsub-exp
(lambda (aezp)
(cex aezp)))

(define operator
(lambda (eczp)
(car (cds aczp))))

Wasnft this easy?

Yes, becanse we used belp functions to hude.
the representation

The Ninth Commandment
Use help functions to abstract from representations.




Have we soan representations belore?

Yes, we just did mot tell you that they were
represeutations

For what entities have we used representa-
tions?

Truth values) Numbers!

Numbers are represeptations” Yes. For example 4 stands for the concept
four We chose that symbol bocause we are
Accustomed to arabie representations
‘What else could we have used” (0 €) would bavs served

b el What about ()7 T st

Do yousomamber how many prrmiies we
need for numbers?

Four number, zero?, add], and sub)

Let’s try another sepresentation for pumbers
How shall we represeat zeco now?

() % our choiee

How 16 one represeated”

(&)

How 15 two represented?

©0

ot at? What's throa?

Three s () () ()

White a function to test for the null st

(dofme
(larabda (s)

(atom? 5)
(ea? « (quote ())))))




‘Wiite a funchion to test for zer0

(mull? n)))

Can you write add1

(define addy
@

(iambda (n)
(cons (quote () )

What about subl

(deine subl
| Gambda (r)
| )

T this corract?

Letis see

What s (subl n) where 138 ()

No answer, but tha's fine
‘Recall The Law of Cdr

Rewnte + using this representation.

(deftne
(ambda (n m)
(cond

(ero? m) )
(& (add (+ n (sub1 m))))

Has the defintion of + changed?

No, only the definitions of its help functions
(i, ero, adal, and subl) have changed

How do we define a pumber 1n general?

A mumber 15 ether zero ot st 1 one added to
2 pumber,



‘How many questions do we need to ssk 1n
order to write number?

‘What s used m the natural recursion for
umber?

(edr )

Wte the function pumber?

[(define mumberr
(lambda ()

(cond
((aoi m) 1)
¢ (and

(2ull” (car n)
(number? (edr n)))))))

s (cookee) » Dumber m our repeesentation”

No, but you deserve one now!

Go and get one!



Or better yet, make your own.

(define cookes
(ambaa ()
[

(quote (350 degrees))
(quote (12 mimites))
(max.
(quote (walmts 1 cup)
(auote (chocslate-chups 16 ounces))
(mx
(e
(quote (Bour 3 cups))
(quote (catmesl 2 cups)
(quote (salé 5 tesspoon))
(quote (balang powder 1 tesspoon))
(quote (baking soda 1 teaspoon))
(mox
(auote (o5 2 lorg))
(auote (ssla 1 tezsgoon))
(ceamm
(quote (utter 1 cup))
(auote (suger 2 cups))))




Exercises

For these exerases,
waa @)
aupﬂn( T4+
Su(Sx(‘x(Sxﬂ)})

)
200 e )
lesp1 18 (AND (OR x3) 3)
lezp3 is (AND mor ¥) (ORuv))
e 5 O x
=784

7.1 8o fer we have neglected functions that buld representations for anthmetic expresions
For example, m +exp

(define mk.
Gammban (uqu acsp?)
(cons ezp)
(cons
ety ( )

makes an anthmetic expression of the form (sezp? -+ acap2), whare aespl, aespd are aready
i i and

‘e rthmetc greon 1+ 9) e v pom e it by (mk-rnp 2 y), wherez1s 1and y s 3
Show how to bulld aezpl, aerp3, anc



72 A usefl function 1 2exp? that checks whether an S-expression 15 the representation of
an anthumetlc expression Write the fuastion aexp? and test i sauu e oo bt

Ao tst it
P ! wpt) s o
o P
(aexp? 1) i flse,
(o 1) I Gl
73 Wate the funchon count.op that couats the operators m an anthamtc expresson
Bxample (¢ eempl)is2,

0.
Also write the funckions count+ countx, and couat that count the respective operatoss.
Bxample: (count aespl) s 1,
(¢

(countx aesp1) is 1,
(count? aespt) in 0

74 Wikt fautin hat counts the mumbe
cout-numbers szp) i3,
" (count 4

aczp3)
(ot mambers m;u) 81
78 Sase o monvenent o e (0 1 (6 ) fo muliyme 4 mamber, v s
inuochos prfx nofaion and allow 4+ 30 x exposons b coam % o 4 ubexpramiony
For oo (153,07 8 043 1.5 sk ' mw ot rpromtiions 1-oxeet
in prefix form but e still bunary.
Ravsethe i st ek i B s oo of ey
will beed functions for extzacting the thizd and the fourth subexpression of an arith-
mllc exprasion. You will s ped a Funcion ot thak counts the mamber of et
cssions i the fist following an operator
Example When acspl i (132 (%7 9,
s (x 345 6), and
aczp 1 (1 aeapt aceps), then
(ebaeey et Yn3,
2exp wep]) o 4‘
(beny sy




77 Wate the function covered? of lezp and lat thal tests whether all tho variables 1n lesp are
st

Bample:  When I 1 (xy 2 u), then
(coverd? leap 11) i rue,
covered? le ) i e,

78 onthe it of . ssprsions we il sed 0 lt o i o Lcremions
first componet of  pair 1 always an atom, the second one is either the number
i ) o 1 Gt sl Toe s corsponnt B 1
the variable, Write the fanction lookup of var and akist thot returns the value of the first paie
alst whose car s eq? to var.

‘Example: When 1 is ((x 1) (y 0)),

s ((u3) (v 1)),

(),

b then
(loolkup a 11) is 0,
(lookup b 12} s 1,
(lookup a 19) hes o answer
79 If the bt of atoms m an abst for L-expressior mcanumﬁnll(hevm-hluufmb!—xpwlm
lezp, then lezp can be evaluated with respect to this alist (Use the function covered? from
Exercise 77 for the appropriste test) Wite the function Miexp of lezp and. i,
(Miexp tezp alit) s true
— if lexp 15 a variable and 1t value s true, or
— it leop 1 51 AND-exprssion and both subexpressions yield trus, o
— i leap 1 51 OR.expresson anc one of ths subexpressions yieds rus, or
= e 0T sgrman o o oo i e
herwise Mlexp yields false Mlexp hes o answer if the expression 1s not covered by
(ﬁum alist)
Bxample Whea 2 5 ((¢3) (4 0) (:0),
185 (5 0) (w0) (v 1)), them



(Mexp lespt 11) s falte,
(Mexp lezp? 13) s e,
(Moo lexp 11) i alse

Humi You will need the function lookap from Fserase 78

710 Bt e ceprmtatin, of Lxpxssons o AND and OR
several subexpre
(AND x G
Miexp from Bxercise 7.
Himt Bxercise 75 s a similar extonsion of arithmetic expressions.

Shadows






(set? lat), where
lat is (spples peaches pears plums)

£, becanse no atom appears mare than once

(67 lat), where
ot ()

& becouse 1o atom appeers more than once:

Try to we set?

(define set?
Qe (i

(1m|ll1 i) 1)
O nber e ) (e )
{6 (set? (cdr lat))))))

Sunplify set? (define -
(amba (1t)
cond
(1n..|w laz) D)
e? (car lat) (ede lot)) nil)
(- o (s im0 )
Doca this work fr the oxamp You, stnce meuubert m v wrktan usng

(aple 3 pear 49 apple 3 A)

equal? instend of eq?

‘Were you surprsed o see the functon
member? appoas in the definition of set?

You should not be, becausa we have written
membor? elready, and now we can uso it
whezeve w ke



Tiy to wnte makeset, vsing member”

define makeset.
(hmbd- (lat)

ot ) o

((mem.bu’ {ear In;))()cd)x lat))

(makeset (cd at))))))

‘Axe you surprsed to see how short this 187

Wo lope so But don't be afraid Its right

o the deition that you st wrots,
what s he result of (makeset ot), whore
{at 2 (apple peach pea peach
lum apple lemon peach)

(pear plum appl lemon poach).

Tiy to wiite makeset, using multrember

(defino makest
(lamba (lr)
(cond
(it at) (qote ( )))
(¢ (cons (car o)

(mskesct

(multirember
{ear lat) (edr iat))))))))

What i the vl of (nabsat o) g the
scco
o o pesh par pech
plum apple lemon peach)

(apple peach pear pium lemon)




‘G you deserabe i your awn words how the
second definition of makesel, works?

Here aro our words:
“hshesl savs he st atom i the It
2nd then after removing all occur
rences of the st atam from the rost of

Docs the second mekoset, work for the exam

(apple 3 pear 49 apple 3 4)

Yos, sinco multurember 1 now witten using,
equal? instead of eq?

Wasts
s o (5 hiken m)
P

12) whe

3 pecos fd chcon and
fight ducklo wings)

&, because each atom m sett 3 also m set?

Wiatl (ubwt it it when
o of hardt), s

e (m..- pounds chicken
i

Try to write subset”

(define satact?
b et sets)

cond

i )y

¢ (cond
(membec (cu aetr) eotz)
{subset? (cde sot1) set2))
o Gmn))



Toy to write a shoster version of subset?

(define subsct?
(lambda (sett set2)

((mull? setr) t)
((momber? (cas et sett)
(subet? (cdr sct1) set2))
[l

Tey to write subset? with (and )

(

ubset?
(ambda (sect sei2)
(cond
((nat setr) 1)
( (and

(membes? (car set) set2)

(wbsox? (i ser) sct))))

What is (eqst? sets set2), wl
et s g e i wms!), and
set2 i (6 chickens with lrge wings)

Try to write cquet?

(define cquet
(lnmbdn

(nu set2)

(uumn sett sett)
(subset? sec? set1))
(tml))

Can you wnte squet? with oaly one cond
Jne?

(define oqu
(lambda
(con¢

( (an

et
(sett sots)

ot
{ontaes et uu))))))




Waite the one-hner

(define eqset?
(lambda (sets setz)
(an

(sutset? sett
(subset? set? set1))))

(mtersect? set set2), whae
sett s (somatoes and macaron), 2nd
15 (macaroni and cheese)

b
because at least one atom m setf s 10
etz

Tey to write intersect?

[(detine

mtersect?
(lambda (set1 set2)
(cond
Egmun sett) nil)
(member Ccar set)se)
e
(ﬂil ltﬂ) se2))))

Try to wne the shorter version

(define intersect?
Qe ot st
(cor |

Tz stt)
((member? (car

=)
ett) set2)y) |
(¢ (imtersect? (cdr sett) st2))))




Try writmg sntersect? wath (or )

(define s
(lambda (set? set2)

(cond
(G sy
(t(or

(mmmv (car sett) set2)
(cdr uu) set2)))

Look back at subset? and comparo for s
lanties

What 1 (intersect set1 set2), whese
setl 15 (tomatoes and macaroni), and
set2 1 (macaroni and cheese)

(and macarony)

Tey to wne mtersect

(define intersect
umna- (set? set2)
r(v-vm set) (uum- ()
((member? ( et ) setd)
(cona (car
torsct (.m sett) set2))
(b (intersect (cds set1) set?)))))

Rewnte mtersect wth
o embact (s et )

e e (e sett) sett))

(define intersect
(lambda (sett set2)
(cond

((nui? set) (quote ()
((not (member? (car set1) set2))
lieics (i ) )
(& ooms (oar

et m, i ) i)




Confused?

‘Winte out the long versions and start sumph
fying when they are comrect

What 5 (umon set! sett), whera
sett i (somatoes and macaroni cassersl),

and
set? 15 (macarom and cheese)

(tomatoes casserole macaron and choest)

Ty to wrts umon (dotne uno
oma- Toet ety

et it ity

(et e sty

foon e )]

(o

oo (i st st

‘What 15 this function? In our wards

(define xcx
(lambda (sett seig)

(it str) (quoto ()

({mamber? {car setr) sei2
o (e ) st
o

e et s s

“It 15 & function which returns all the
atoms m set thet are not i set2.”
Thet 15, xx is the complement function

What is (intersectall ! sef), wh
W lera s a g e rahany



What s (stersectall Fset), where
Lset i ({6 poars and)

(3 peaches and 6 peppers)

(8 pears 3nd 6 plums)

(and 6 prunes with lots of 3pples))

(6 3nd)

Now, using whatever help functions you
need, write intersectll assuming that the
s of sets is non-empty

(define atersectall
(lamba (iset)
(cond
(e 120 (e e
( (iatemect (car Fset)
oo (e D)) |

1o this o pair? Yes, becanse 1t15 a hst with caly two atoms
(pesr pear)
s thus & pawr? Yes
[E)
thus & pawr? Yes
(2 pair)
Yes

In this a pair?
(full house)

How can you refer to the it atom of &
pir?

By takang the car of the par

How can you refer to the second atom of &
puir?

Ty talang the eat of the eds of the parx



‘THow can you make a pair with two atoms”

You ooe e st oo the cons of the
second atom oat
oo (o 2 (e | ”

(define first
(lambda (p)

(cond
(¢ (car p)))))

(define second
(lambda (p)

(cond
(& (ear (cdr p))))))

(define bl
(lambda (a? a2)

(& {eons a1
{cons a2 (auote ())))))

‘What possible uses do these theee functions
heve?

‘They will be used to make representations of
paurs aod to get hold of parts of representa
tions of pairs.

See Chapter 7
They wil be used to mmprove readabihity

a5 you will soom see
Redefine first, second, and buld zs one-
Imers.

Docs the defuntion of buld reguire atoms as

arguments?

Can you wnite third as 2 one liner”

(define thid
(tambaa (1)
(ear (odr (odr 1))

Ts L a rel, where
115 (apples peaches pumphn pie)

No, since 115 70t a st of pars We use rel
to stand for relation



Bl

a 1el, where
1 ((43) (42) (76) (62) (34)

a rel, where
Lis ({apples peaches) (pumpkn pie))

Yes

i rel o fun, where
el is ((43) (42) (76) (62) (3.4)

(fa? rel), where
relis ((83) (42) (7 6) (62) (3.4))

Tey to wte fun?

No_ We use fun to stand for function.

& because (frsts rel) 15 a set
—See Chepler 3.

How about this?

When wil this defintion of fun? work?

@etmerw |
(lambda (rel)
cond
((uull? re) 1)
((mombers
(st (cas el)) (e re)
il

(¢ (fan? (cdr rel))))

Tey agun to write (fun? rel) so it will work

for the case where
el is((83) (42) (7.6) (62) (34))

(define fun?

When
(uot (mtersect? (frus rel) (seconds rel)))

(lamba (rel)

ond
((oul? rel) t)

(& i

(Rt (cax rel) (fests (cd rel)))
al)
(& (R (e rel))))))




Rewrite fun? with set?

(detine fun?
(ambda (rel)
(et? (asss )

‘What is (revrel rel), where
ol (8 2) (pumphin pi) (g0t k)

(2 8) (pe pumpkin) (sick got))

Tey to wnte revrel

(define revrel
(lambda (rel)
(cond

(i el (quote (1)) i
 (cons

(escon cas re)
(first (car rel)))
ol (ot D))

‘Would the following also be correct

Yes, but now do you sce how representation

Ao revrel
(lambda (rel)

(cond
(it el (quote ()))
(tcoms

(ear (ed (car rel)

(e (ca i)
(quote ()
(oavrs (s e)))

g g why fun 2 0t & ol
)\m 15((83)(42)(76) (62) 3 4)

fun s ot sunce the 2 appears more
than once 43 a second atom of @ pair



(fullfun? fun), where
e 06 6

Becanse the st (386.24) s a et

15 (fullfun? fun), where
ﬂn is ((grape raisin)
(i )
eune))

15 (fllun? fun),

Vs Gy
{pham prunc)
(stewed grape)

*, because the st (raisin prune grape) 1s &
set

Tey to wnte (fullun? fun)

(define fullfun? i
(ambaa (fur)
(s (seconds fun)))

What 15 another function name for fullfim?

one-to-one?

Gan you thunk of a second way to write
one to one?

(define cnetooms?
(ambda (fen)
(n? (covrel fun)))

1f one of the ways you Just wrote that last function was

1 Sitg

2 snmuu wp
3 Standiag on your besd



For these cxexcse,
e (D 6 66)

ﬂume¢m

s ((ab) (ba))
seenenenn
s

1 xs(l ) (b 1)
14 xs (ll S) I ‘))

dlli(cd)
zsa

8.1 Wnte the function domset. of re which males a st of all the atoms m rel Ths set s
oo e o o o .
Branple Comet )2 o),
lomet r2) is (c),

[reseiic b4
Also write the funcion iizel of s which makes a relation of al paus ofthe form (4 d) where &
15,03 atom of theseh . (e 5) i calle the ity reafion on 5
Example: (dzel 1) 1 ((33) (b ),

G a2) i ((c ) @ ),

aee 72) 15 ()

82 Wnte the function reflenve? whether a relation 15 reflesee. A relation 15
e o st o8t ot T (5 3) e 41 et o o o
(see Exercise 8.1).
Bxample (reflexive? r1) 15 troe,
Fexivel r2) is true,
(reflexive? r3) s false

Prieads and Relations ur



5 Wte the functon symmezie? whuch testa whether a rlation s symmetric A relaton i
symimetrc if it iscqse? 10 3 1evrel
B (et 1) &

(gmateit £ s e

(et
i e e i isymmetzic? which festa whether 3 relation is antirymm

Cion s s I e aessecion of she selation it fs s b & bt o he

identity relation on its domau of discourse (see Exercise 8.1)

mﬁmw,tmummmmnwmmemt’wmmwmhummmnmmﬁn

e symmets
(lnmbd.l T
intersect rel (revrel rel)))))

Find out which of the ssmple relati etz

8.4 Write the function Fapply of / and £ whuch returns the value of / at place = That i, it
returns the second of the pair whose fizst is ea? to =

Grapriy 3 5) 182
85 Wate the function Fcoump of J and g which composcs two functions. If g, contens @
e e ) T s et . sho s compned encion (e 1 3wl
contain (x 2).
Example (veomp /1 1) (),

(Feomp f1 f3) Is

(scomp 4 11) i (@ RIS

(eeomp 74 19) is (b )
i Tho et vipgy o B -y b el

8.0 Weke tho funckon Rapply o el and  wh eturas th vabe st of e ot placs = The
value set the pairs whose fiz tor
xample (ﬂnw\v ) s,
7 1) is (63),
(MPP‘Y fez)s




87 Wate the function Fan of z and set which produces a relation of paws (5 d) where d 15
eloment of sot
Brample (mnz d1) s ((33) (3 5)),

(mun = d2) s ((a ¢) (a &),

(mn z 2) 15 ()

8.8 Relations can be compased with the following function

(define
Qoo (s niz)
(cond

(ot e (v ()

% (frst (car rel
(Rapply rel2 (mnd (car rel1))
(Reomp (edr relf) rel2))))))
Seo Bxorcises 8 6 and 87
Fund. the values of (Reomp r1 1), (Reomp ri f1), and (Rcomp rf r1)

50, Wi tho o e wich s vt o oltion sz A relion el
e I the composition ofrel with rel is & subsct of rel (ss0 Bxcrcise 83)
Erale (otint 1y 1
iransiive 15) i trus,
Grnctis 71y & e
Find a rlation for which transitive? yelds falso

810 Wite the functions quashorder?, partialorder?, and oquivalence? which test whother
relation 15 a quasi-order, a partialorder, o an equiualence relation, respectively A relation is
—aquasi-order if it Is relexive and transitive,
—partial-order if it is a quash-order and autisymmetaic,
—equivalence relation i3t 1 a quas: order and symmetnic
See Bxercises 82, 83, 204 89






Remember what we did in romber and
et of Chapter 67

‘We roplaced eq? by equal?

Gan you write » function rembe-f thet
would use either eqf or equal?

No, because we have 5ot yot told you how to
do this

How can you make rember remove the st 3
fom (bc 2)

By passing a and (b ¢ 3) as arguments to
ember

Eow can you make rember remove the st ¢
from (b.c3)

By passing c and (b ¢ 3) a8 arguments to
rember

‘Tow can you make rembes f use equal?
stead of eq?

By passing equal? as an argument to
remberL.

What s (rember £ tee? a 1), where ©23)
testf s =1
ala5, and
ls@253)
i1 G ey o G 3 )
o SEAETRRTSY
s sember £ test? 1), where (seans ae good)

Wt
test? I eal,!

a s jelly, aad
115 (olly beans are good)



Aokt b £t 0 ), v
test? i
o (pop o
vt u.n,, com) and (cake))

(lemonade and (cake))

Ty to vt ember £

(defh
llnnbd- Gt a1

1lm“7 l) (auote ()

((mn (car. 1) a)* (edr D))
(¢ (cons (car

test? a (cdr 1))

Thus w good!

‘Wit about the short version?

(eatoa esbent
Qb (st 0 )

((.,.,m 1 faste )
(et e 1) o e 1)
{F oo o

(umbox-t test? a (edr DY)

Vo dos (e st )t e
test? s

(sember s 1) wher e 1 o sts
ke v

Aod what ahos (ousbent i o 1) whece
test? 15 ks oqual’

Thus 15 Jost rember with eq? replaced by
oqual”



Now we have fous functions which do almost
the same thing.

And rember f can sumlate all the others

Yes, 50 let's generate all the other versions
with rember-1.

‘What land of values can functions reburn?

Lists, symbols, mumbers ¢, and aul

‘What about functions therselves?

Yes,
‘st you probably did not know that yot

Can you sny what (lambda (a ) ) does? (hmbd.(un...)mthmlﬂ:w‘
o 15 function that takes w0 acguments,
asd

Now what 3 chon i, whe pse 0 e

(lambda (o)

(tambda (z)
(o7 = ) (o7 3 0)
whers i Josk that acgument

Using (define ), give the preceding func -

tion 8 name

i )
s

Thas 13 our cholce



What 1 (eq? ¢ K) where
kssalad

Its value 15 & fumction that takes 7 as 20 ar-

gument and tests whether it is eq? to ssiad.
So let's give 1t & name using (define ) Olay
(define* eq? salad (ea? k)
v
L T e
(eq? salad y), where y 15 tuna. il
T — .
Do we need to give & name to eq? salad we may Just as well ask
((B'I‘-c )
" s,
e

Now you can write n function rember f that,

where test? 1 Just that argument

(define rember-t
(lambda (test?)
(tambda (a 1)

((mal? ) (quote ()} |
{(test? (cac 1) a) (cds D)
M)

L)

1 again » good try



Describe 1n your own words the result of
(emben test?),
where

fest? 15 eq?

A function that takes two arguments,
and L 1t compaee 1 et o the et
i o he Gt et o o 415
removed

Give a name to the function which s re-

tun
(vember £ test?),
whete

(define rember cq? (vember f est?)

where
teat? i eq?

test? 15 o7
What o umberes” o 1), vere (slad s good)
(i s 1 go0d)
D we need 10 givo a name (by defiang could have wr
sabened?) to Gemir i) whors ((nm-[ ey o
wheze
fest? 15 ed?,

a1 tuny .
1 (uns sl s good)

Rpppe——

it b g
Nyl oo ) (define rembert
n reaben{ so Laf rember really works (k-nbd:#:(-ﬂw,i,
1(.,.,1" f s )
(cax 1) a) (cdr 1))
by 1mm )

(rember-f test?)
a (edr 1))



And now translorm wmsexts. to msertif the
same way we have transformed rember info
rember

| (detine st
(ma‘(
!Ambdn(n:w old 1)

{(mal? 1) (quote ( )))

(et e ) o0
o e o o (e 1)
(L (w(l(u(

new ﬂ’d (Mir ‘)7)i)i)i

And, yust fo the exercis, do it to msertr:

(define insertnt
(tambda (test?)
(amba (new old 1)
(cond
((ouil? D (quote ()))

(et cat 1) old)
(cons old (cum new (odr 1))))

new uld (cdk lm)))))

ingertn. and msertz ave very similar

Yes, only the mddie piece 1 a Letle bit aif
ferent.

Can you write & fnction msart g which.
would Insert either at the let or at the
sight?

1F you ca, get yourself some coffee cake and
relax! Ofberwise, do't give wp You'l see i
ma minute.




Winch pieces differ?

o s s e o ach ke Tn

(('5*17 (
(cons new (m old (cdz 1),
but in mserte.
((‘*ﬂ (cax ) old)
otd (w new (adr ))))

Put the difference m words'

o say:
“The two functions cons old and new fn a
@fferent order onto the cdx of the list { "

S0 how can we get id of the difference”

‘You probably guessed it: by passing m &
function which expresses the appropriate
consing

Define & fanction seqs. which

o the result
o consing he szond peioytir
thaed argume

da (new otd 1
(covs new (cons old 1))

What 15

(define seqr.
b (rew (new
e o e i 1)

A fanchon which
1 tales threo arguments, and
2 conses the second argument onto the
wesult of consing the fizst acgunent onto
the third argument

Do you know why we wrote theae functions?

‘Because thay expross what tho two differig
Imes in inserty. and nsertr express.




ey to wto the functon imsert g of ane

(define wsert-g
(lambda (seq)
(lambda (new old 1)
(cond

((ml-\'-' bl [mm‘ o)

Now define wsertt, with nsert &

(define mserts, (msert g seqt)

And wserte.

(define msert (insert g seqr))

Ts there somethung unusual about these two
dsfinitions?

Yes. Barlier we would probably have wten

(define inserty. (insert-g seg)),
where

seg s seat

(dsfine msertn (smser 5 s).
where

is sean
But when you pass functions as arguments

‘Was it necessary to guve names to seql and
sean

Not really. Wo could have passed tharr def
aitions Instead



Ts this better?

e bace youdo ok e 1o e
ay names. Yo e func-name
kammd')y where, immmxm is seql.

Do you remember the deimtion of subst

THere 1 the dofiition of subst

(dafine subst
(ambda (new old §)

(cond
(Gull? 1) (quote ())

(s s MW old (cedr 1))

Doos ths Iook fambiar”

Yes, 1t Iooks e msert, or msersn. Just the
‘apswer of the second cond-hme s different

‘Define a function Like seqt or seqa for subst

What do you thunk about

(define secs
(tambda (rew old 1)
(cons new 1)

And now define subst usmg msert 5

(dofine subst (msert g seas))

oA what do you thizk Yox 15

(dofine
(ambda (a 1)
(Gmoerteg seawes) ml o 1))

where

(dofine sigrem
(tambda (new old §
[

S 11 ot old e e
[ -
B

P
i g rd
wha



‘What you have Just seen 15 the power of abstraction

The Tenth Commandment

Abstract functions with common structures
into a single function.

Have we soon sumlar fuctions before?

Yes, we bave even seen functions with su
lax lines

Do you romermbor value from Chapter 77

(d 1we
(tambda (aezp)
(cond
((oumber? aesp) acsp)
(e (apernto g
[ (vuu (Lst-sub-exp aczp))
o (2 )
(o operton e
(Tuote e
(> (value (Lst-sub-ex;
(rluo (m,uwv mnn
(el
e (i o0 w)i)i))i

Do you see the sumluiies?

Thia st thron Lo e the same oxcopt for
tho +, %, and T

Gun you wnte a fusction atom to-function
that

L Duen oot asqurast, & ad
3 Reumythe i
+-i)v
Rt oo

(st quote ), aud
Returns the

(o ot 1)

(define atom to function
(1ambda ()

(o = (quote +)) + )
((ea? = (quote.x)) x )
(et = (quote 1) 1 )




Gan you use atom tofmstion to rewe
vt with auly o v nside
(cond )

(wl\l! (ist-sub-exp aesp))
(velue (2nd sub-exp aesp))))))

Ts thus quute a but shorter than the fist ver
sion”

Yes, but that's okay We haven't changed its
‘meaning

ikt ncions subet? snd iarset”
next to each o

(define subset?
(lambda (setz sets)

(ool sett) 1)
e

(emmber? (cas sett) sot?)
(subser? (o sert) ut2))))

and

(define miessect?
(lambda (st] sett)
(cond.
((oull set2) mi)
e (s ) )

(ntersect?
(ode sett) set2)))))




Agau, these functions have the same struc-
tuo

Yo, they culy difler i (und .
et mdm.mauuu

S0 let's absira them into a fusetion
(set1? lgical? const)
Which can generate subset? and mtersot?

(define sel-£7
(lasmibda (logical? const)
(lambda (sct1 sei2)
(comd

((eu? sett) comst)
(¢ (logial?

(membea (cax set1) sets)
(s logical? aonst)
(s act) setz)))

Now, define subget? and mtersect? using tho
Tunetion set-£7

(define subset? (set-1? and ¢))
(define mtersoct? (st 7 or D))

almost work

Why don't they?

220 a2 o ars ot rnly ustions
Tbk‘yannalbuvmdun

So we wrile functions that do act like
(and  )andfor )

Here thoy are

(define aad-primo
(tambda (z )
(and z y))
(define or-prime
(lambda (z )
(or = 1))




What does
(and ml (subset? = v))
do, where

z I5 (red wine tastes good), and
‘15 (1t goes well with brio cheese)

Tt returns ml uathout ever asking the second
question!

Wit doss
(orprin ¢ mtersct? = 3))
do,
" 5 red wie tastes good), and
315 goes wellwith bee checse)

It evaluates both questions The fist
o £, the second one to l, and then it re
furns ¢

What would (or ) bave done mstead” Tt would have answered t uathout askung the
second question

Why are both (and ) and (or ) uwn ey o 0t sbrays sk e second

sal? question*

(o 28 = (cond (a9 0 )
- e

Which values do we need to sk the queston.
(o= et e i) )

whre = is
(member? (m setl) sett)

Quly set1 and sets The rest cau be recon
structed



Now wi
P a—
and

‘and prime for subset?

(define or-
(tambda (s set? sets)
{or o (intersect? (m set1) set2))))

(define and
(lambda (z set! n
(and 5 (subset? (m. sett) set2))

Rewnite set£7 so that 1t can generate sub
set? and intersect? with and-prisie and or
prime

(define si-17
(ambs (ol cns)
5 ((ml.\l" ) con)
{t (logi
Toater e ) ts)
et

sett
=2

But we have not yet defined mierseet? and
Subset?

‘Well, that's what we defined or:prime and
imo for

Dot

(define miersect? (sok £7 or-prime )
(define subsot? (set-£7 aud prima 1))

Dudut we need mtersect? for or prume

No, we oy e e coud g . And
e have it




Recall the dofiaion of muliwenber, Sim
plfy mullremabor by removing tho inner
(cond

(define muluromber
(ambda e

((ﬂ\lll" ’) (ﬂw o
((

( U
(mltirombor a (cd 1))

What s
(malbrember (quote cuy) 1)

Thia 15 an application whore {15 associated
with the valuo
(abc cury e curry g curry)
he value

L (abcamy ey g cury) T has b
(beog)

If we wrap thu applcation by We create a fonction
(ambda (1)...) (lambda

what do we creats?

(multsember (quote curty) 1))

We define the new funchion, and give 1t &

ame
(define Mrerber-curry
(lambda (1)
(multizember (quote curry) 1)))

What
(aremb

ex-corey
(auote (s b cury ¢ curry g curey)

(beeg)




Rewnte Mrember curry usmg three ques
tons

| (define urember curry
Cambia ()
(=l ) (quote ()))

{(eq? (caz 1) (quote curry))
(Mrember-carry (od 1))

(& (cons (caz 1

)
(wrember curry (cds 1)))))))

Gompae curry makes 1o et g

‘The function curry maker 15 Like the func.

(define curry waker
(lambda (future)
(1ambda (1)
(cond

() (oo ()
(ot s e o )
(& cons car )

(curry.maks
{edr IJ))))))J

be same way that

ovs (curry-maber fufue)

Does curey maker ever use the argument
Tuture

No, unlike seq, future 1 just passed azound
‘When curcy-maker reaches the end of the
st, future Js not used

Can curey maker then mske Mrember curry

Yos, t can

‘Define Msembes curry usmg curry

(define urember cucry (curry makes 0))

Docs it matter what we use to define
Mrember-curry

No, futurs 15 never used




Gan we use curey-maker to dofine
Meember cury with curry-maker

Of course,

(define Mrember.curry
(curry maker curry maker))

it we dele Mrembes cuzy ths vay what
does future become’

‘The value of fusure 15 curry maker

But can't we then Just e future to replace
curey y maker

Yes, we sure can

Wecll e fction e st debed
ts results a
o Wi Foscon

(m.— fanction maker
(lambda (fufure)
(h‘"bd- @
(cond.

{(=alt? 1) (quote ()
(( ? (m‘ 1) (quote curry))
(future future) (eds 1))
o
(Gsture future) (ed= 1))

Describe m your own words the functian
function maker

Here is what we say:

‘That explanation so
oo e ettt
yust Ifke fonction maker in order to copstruct
Mrember-curry.

Yes, that 15 exactly what it says



‘Wite Mrember-curry using st
function maker

-

(define Msember-curry
(fonction maker »

Try studying the function with
b c cury e cumy  h cury )

16 s dein b cucy the wey what
does future become!

‘The vabue of future s fanction maker

Wiy does ths defintuon of Mrember curry
work?

Because the value of (future future) 18 the.
same as (function maker function-maker)
which 15 the same as Mrember-curry

Do we have to define (or give a name to)
function-maber?

No, because function maker does nat appear
within its dofimtion

Do we have to
Noemertey g (oot

No,
within its defintion

Trus or fase o recursive function needs to
be given a rame with (define )

True. We chose Mrember-curzy as an asbt
trary recursive function

True or false. nstances of addl can be re-

Placed by
(lambaa (z) (adal )

True, because
(@ambda () (41 1)) m)
a1

True or fale: anstanees of
b z) (o =)
(s')
(""'Nﬂ (2) (add1 2)) v))

True, because adding the exira wrappmg has
10 effct.



ueor fale: mstances
(lambda (2) (3601 7))
can be replaced by

(lambda (z)
(tambda (=) (3221 2)) 2))

True, because 1 general for any function £ of

think of an £ whece ths s flse?

Is the definition below the same as the
function-maker we defined earlier?

(defive function-maker

(m\l" 1) {quote ()))
{{eq? (car 1) (quote curry))
([ (tambda (arg)
(Uuture future) arg))
(car 1))

[
(s (com exc

{odr D))

Yes, because for an arbitrary fanction fwe
always seplace it by
(lambda (=) (7))
In our case £15 the expresson
(future future),

zsan




s the et beow thetame s the

on maler we just defined?

{define fanction-maker
(lambda (future)

{

(ambs recun)
tamin ()
(it 1) (quote ()
(G (e
(quote cury))
(resfn (e D))
(¢ (cons (cac 1)
(e (e )
(b (am)
(uture futsre) erg)))

Yes, because the atom  does not appear m

placing it by an atom that is associated with
it. We chose the atom recfun

Gan you make the defiition of function
maker simples by breaking it up 1o two

functions”

Hint:

Took at the anes box

s (caz 1)
(’*J‘-ﬂ (edr DM



Why 1t sal to ame
(ombda.(recfen)

‘Because all the vanables aro explicit arga
‘mena to M, or they are primitives

Wete cenber cucy wtbont g
Function-
gt ot et dekin of
function maker in places

From

(define wrewber curry
(fanction msker ntion maker))
gt
(define Mrember
(tambda (tere)
(M (tambda (er5)
bl e ) )
(M (lambda (arg)
(Ut futere) erg))

Do you need a rest?

Yes? Then take one.

Abstract the defimtion of Mrember-curry by

abstracting away the sssociation with M.
Hint: wrap a (lambda (M) ) around
tho defintion.

We call s function Y

(define Y
(1amba (1)
((ambds ()
(3 (lambda (arg)
(uare utere) o))
(lambda (iure)
(M (lambda (ary)
G fe) )

‘Waite wrember curry using Y and M.

(define srember curry (¥ M)



You bave yusk worked through the dervation
ofs o cale e splcaivadr Y-
combiaator,” The interesting aspect of Y 15
s v o dens it
the bother of requiring that the functions be
with (define ) Define L so that

(dctine leagth (¥ 1))

((mll 1)0)
(¢ (add1 (vwim (edr D))

‘Describe in your own words what f should
b o (¥ 1)t ok o expoctad

Our w
“}n-ﬁnmmuhmhvemmbemu

Watte length using Y, but not L, by subst
tuting the definition for L.

the recursve call, and the whale expres-
s
(lambda (recfun)  )*
(define gt
«
(1ambda (recun)
daa
(cond.
(e 1 0)

(recfun (edr )

Does the Y-combumator need to be named
with (define )




Rewnte length without using ather Y or L

(define lngin
((aambda ()
((lambda (future)
(b (1ambda (e
e o) )
(lambda. W )
(M (lambda (arg)
Gt e am))

(lambda (rcfun)
(ambea (1)

nd
(@ o)
(& (edd (refen (cde DI

W obeerve that leagth doos ot moed to be
samed i (dfie ). Wite an spplca
tion that corresponds to

(iength (uuMe b
without vsing length.

(mtn i)
o
G, iqmn) am)))
(3 (tambda.(er
e ere) )
(bl (recfm)
(mwx o
“ ((M.\I" o)
(2t (reefum (eir D))
(m-e 3%
samasmay ot e esency, bt
ey v o o st

‘Does your hat sbil 67

Pechaps no, 1f your mund has been
Stretchod.




Ao i o ok b sl sy ot
it & great dmer:
((mum gatlic)
(chicken Provengal)
({ed wine) and Brie))
15 our advice |




91 Lok up the functions firsts and seconds 1n Chapter 3 Thay can be generalized to s
Sotion g o8 a1t api 1 ovey et L snd Dl o ot i
resulting values Weite the function map Then write the function frsts and seconds using map

92 Wit thefncton s of 0 L s s 1. Th i sesches chrough L nbch 2
Lt of pairs untl it i a paic whase irst component 3 oq? to o Then the function invokes
o fnton s with G pie I e seceh ul, G )
Bample: Whes, o i s,
()
52 s ((apre l) (v‘vm 2.
s s
mbch
(build (first !) (add1 (second p))),
/hs(lambdn(

{awoe (0t m 154, hen
(aa3q'sT @ b1 sk JK) is (apple not-in-ist),
(et o b5 1 T 5 (o
(a0 s 0 63 5k 5) i (apple mocincis)

Lambda The Ulumate 175



9.3 Tn the chapter we have derived a Y combinator that allows us to write recursive functions
it " Here is the Y-combi i

(define Y2
(tambda (1)
((tambda (futere)

(i (1nambia (aryt arg2)
(future iva!) ot arg2)))

(future. inuz) -"yl ap2)))))

Weite the functions =, rempick, and pick from Chapter 4 sng Y2
Nk s e o vestlon of (i .. fr deniog o fineion of an sy smber of

arguments, spply neion o pplyng sch o foncion 10 ik of g Witk
B ot v g Vi b

9.4 With the Y combinator we can reduco the number of erguments on which a finction has
o recur For example member can be rewritien as

monber Y
(1ambda (2 1)
(¥ (tambda (recfn)

foa? (cax 1) o)
(recfun (ede 1))

Siep tnough 3 appcae (memberY o ) wer o x s (1 x) Rewio i ctoss
rember, nser, and subst? from Chaptes 3



95 In Bxecss 7 g 610 e sow b i s e acoumiator hni. It of
accumulators,
o o o v ool .ypmnm o el ot an e dend s

| (define muttaubst-tc
(lambda (new old lat k)
(cond

(aul? tt) i (auote (1))
(oa? (cax tt) id)
(zmultisubst-k new old (cdr lat)
(lambda (4
(k cous new )
(¢ (multisubst-k new old (cd lat)
(lambda ()
( (cons ear at) )
The imbial continuation function k 15 always the function (lambda (z) z) Step through the
application of

(multssubatck new ol lot K),
whero
new s y,

old s x,
latis vy zx)

‘Compare the stops to tho application of multisubst to the samo arguments  Weite down the

g you hav Lo do when you retten rom  recursive applcaion, o, ext oty wrie dowe

the correspondimg continsation fonction

96 In Clapter 4 and Exarcise 4.2 you wrote addvee and multve Abstract the two fanctions
mio a single fntion accum Wike the fmetions length 2nd ocour using accam

7, T Bt . you wiote the o furtonscomop, coun + couk , 10 ok,
Abstract them into a single function countop-f which generates the corresponding fanctions if
‘passed aa appropriato help function



858 Function of o arguments s clled thunks 1138tk i can be et it ()
Gousider the folowing version of o 35 a function

(define or-func
(1zmbda (ort or2)

(or (or1) (or2)))
g it rt axdar are by hunks, commac younlt tat (0r ) aod or finc are

vum, an example
o o , i SO
.m the correspondiog
orfune
(...,.w.E o)
(lambda () (stom? (e 1),
"0
Vinko set-7 o take or fune n and fine. Wate th finctioss mierseet? snd subs? with ths
£ function.

6. When you buld o el it s § xresion axd a ik e B 08) on gt &
ircam. There exe two fuoctions deined on.

Note: xnmnmmmmwmmmswmu,mo.ruum W pefes to

stay with the lew goseral cous foetion

(.mu am first)

(M“"l "')i)i

(buatd 1 (lambda () 2)). (Best$ 5) s then 1,
and (scond 1) s 3 ivonmsar nkexsing becase they ca b e o represnt nbocnded
collections such as e integers. Consider the fllowing de

Str-maker 15 & function that takes & m»«undum.unmm,m tream

(define sir-maker
(lambd (nest
(bulhln (mdn( ) (strmaker neat (nezt )

‘With st maket we can now define the stroam of all ntogens Like this:

(define mt (str malar add1 0)) ]



O e can doius tre sream of ll sven b,
[(aetne ovn e mater Gambea () (2 ) ) ]

with iox we cen obtain  fimte pisce of 3 str st

(define frontier
(tambda (sir n)

=
((zexo? n) (quote ()
(¢ (cons (Bt atr) (frontier (secends str) (subd m)))))

Wast (ot ot 102 (ot 1007 (ot v 29
Dofiz the stroam o odd mumbe

910 This exercise bulds on the results of Exercise §9 Cousider the followng for.

(define Q
(tambda (sir n)
(ot (remannder (BxstS str) 7))
Q (secouds sir) n))
(& (ouild. (st str)
(lambda ()
(Q (seconds str) m)))))

(tambda (sir)
(build (Brst$ str) (lambda () (P (Q st (Ewst$ 527))))))
They can be used to coustruct s
Goater (P (eoondS  (ondt i) 107
What it s of et 5o Everin A5 1 At of emder







An entry 1 a pau of ists whose fist bt 13
a set. Also, the two lists must be of equal

length. Make up some exaples for entries.

‘Haze are our exampl
((amm anuk bevmo!)
w vin))

g ey
(ood ) s ane with )

How can we buld an entry from a set of
‘names ond a st of values?

(define new-entry buid)

‘Try to buld our examples mith thus function,

Waat i (ookupn oty e e,

R
i (v v, beverage)
castes good))

tastes

What f name 1s dessert

Tn ths case we would Mk io leave the de-
cision about what to do with the user of

Tookup-im-enty.
How can we scoomplish this? Todkupn-entry wil ake 2
‘ment which is a belp function that is Izvoked.
when neme 15 not found m the frst st of an.
ents
Tow many arguments do you think this ‘We thunk it should take ne name Why?

exira function should take?




Fiere 1 our definition of lookup m entzy

‘Winie the help function

(define lookup-u-exiry-belp.
(lambda (name names valucs eniry f)

(def
(lambda (name names values entry f)
(cond

((aull? names) (entry-f name))
((ea? (car names) name)

(car values)
¢ Gk oty by
(m names)

values)

‘ml))m

A table (o called 3o enmronment) 83

Here s one

st of entries. le: (), the
empty table. Vi o it

(1(.,:'{4' bont i)
(oed™ e on i )

The function extend-table takes an entry

extend-table

(define extend table cons) ]

What 1s
(lookup-n table name tabl table f)
here

tes good)))

tablesf 18 Elmhﬂn (name) ..

Tt could he eher spaghetts or tastes, but we
ol have lookup-in-table search the list of
entrles in ocder So it i spaghecti,




Weite lookup-n
s o e o gt some help

(define ookup-n-
[y e table 1)

yr taile) (toble f name))
(¢ (tookup-in entry
nam
(car table)
(lambda (name)
(lookup-in-table

(cdr table)
table-1))))

o e what te ol fc-
tion represent
(i )
ook ttle

(nd.r table)
fable:f))

‘This function i the action to take when the
name is not found in the frst entry.

T the Preface we mentioned that sans senif
font vould be e torpresent dta. Up b0
this point t has hardly

particular symbol i in sas serlt.

Ramembr (0 be vy oo s o wheter
or not 2 symbol is in sans senf

Did you notsce that “saus senf” was not m
sans serif?

We hope s Ths 15 “sans seif”

Have we ch a They are all bey cen
programs? bt e et

What land of functions? o example, velue

What 15 the Value of All of Thus? 183



Do you remember vale from Chapter 77

Recallthat value s the fmction that returas
the natuzal value of expressions.

g
(car (quote (a b <))

What s (vale ), wher
e (aar (quote (3 b )

What s (value ¢), wh
< (aions (ear (ot (55 )

(car (auote 2 b 9)

What 15 1v‘\n= ¢), where
e 1 (add1 6)

Wht 1 (vale ¢) where
ens

6, because pumbers are self evaluating

Wht 15 (valus ¢) where
e 1 nothing

nothing fas 50 value

Whatz
o o
o Aoing st ()

* fom rothng comes somechng)

{(from nothing comes somethng))




What 15 the type of ¢ where veelf evalustmg
s
‘What 15 the type of ¢ where wdentier
sl
What 1o tha ype of ¢ where wdeniifier
What is (value ) where (prmitve car)
el car
What 1 the type of ¢ where dentiier
s nothing.
Whal 1 the type of ¢ where slambda
e (lambda (x ) (cons x y))
‘What is the type of “appheation
o o i
“
(nothing (quote something))
(¢ (avote nothing))))
0
How many types do you thiak there are? We found six
valuating,
ote,
widentifr,
vlambds,
wcond, aid

“application



I£actions are functions that do *the right
thing” when applied to the appropriate type
of expression, what should value do?

You guessed i. It would have to find out the
t7De of expression it was passed and then
use the associated action

Do you remembersom to-inction rom
Chapter

We found atom-to finction useful when we
rewrote value for expresssions

Below 1 & rogeam that produces the cor
on or function) fo each posible

(define expression to-action
1h(mhdn (2)

cond.
((atom? ¢) (atom-o-action <))
(& 1t to ection ¢)))))

Define the help functon atom-to action *

Tl fomed 8 xpaions cach (e 3 s
o e e S )

e oty o 5 st
i fceion 13 hich § opemions
o ey ey et

_——
(define atom to-action.

(lambda ()
(cond
((number? ) sself evaluating)
{5 widentifier))))

Now defing the help function Lst to action

(define bst-to-action
(lambda ()

(cond.
((atom? (car )
(cond.
{(ea? (car ) (quote quote))
((ea? (car <) (quote lambda))

{(ea? (car ¢) (quote cond))

scond)
(t sapplication))
(¢ sappiication))))



Assuming that expression-£0 achon works,
we can use it to define valus and meaning

da ()
(meausng ¢ (quote ()))))

(dofine menmg
(lambaa (¢ table)
((expression-to-action ¢) ¢ table)))

‘Wt 1 (quote ()) 1 the definition of
valug?

1633 the empiy table. The function value,
together with all the functions it uses, is

‘Fow many arguments should actions fake Two, the expresuion ¢ and a table which 15
according to the above? mitially { )

Here 15 the action. Yes, it Just reburns and dhs
sions 1 all we bave to do for 0, 1,2, .

(define selfevluing
lambaa (¢ able)
<)

Ia ot correct?

Here s the action for rquote

(define v
(llmbdn(: dable)
(iext-ot-quotation ¢)))

Defins the help function text of-quotation




Gaven that the table contas the values of
identifiers, write the action sidentificr.

(define dentifier
(1ambda (e table)
¢

okup- o table
¢ table nital-tabie)))

Hers 18 bl table
{define mitial.-
= el
(€Tt mame oo )
((ea? name (quote o)) n1)
( (buid

(quote primive)
name)))

When 151t used?

Tt handles cases that are not in fable. We
deined it 5o that i gives valus fo prede
termined identifiers L t, nil, cons, ero?,
etc

What s the vl of (lambds () X)

e dnt v yoh bk s e it
1t must be the representation of a non-
i i

‘Fow are non-prumstive functions different
from primitives”

‘We kuow what pruitives doj non.primitives
are defined by thelr arguments and ther
Function

0 when we want to use a non prsmiave we
noed enenis snd

At least Fortunately thus 1 Just the cd of a

1t foction body

And what else do we nged to remember?

‘We wll also pus m the table 1n case we nsed.
 later



Here 1 the action +lambda. (non-primitive
(&) (®)9) () (cons x )

(dcfine +lambda
(1ambda (c tabie)

(busld (quote non-primitive)
(cons table (edr )

» (g o i) vhre
o 0 om0
e (6 () 9)

1 5 probatil a goo idea to define some
help functions fo geting bock the parts | (Aeine fabieof int)
i tivn et i (15 ths tbl, e

formal sogumnts,and e body) Vo (define formals of second)
table-of, Tomalsf, and body-of
(define body of third)

Descabe (cond ) m your own words 0 1n el rm ch aor t of

um . pxnonmekﬁghkelhm
i o the o e L. Othar
o ez the right past

Fere 1 the finction eveon which does what
e just said i ords (define question-of first)

(dofine cveon (define auswer of second)
(1azabda (tines table)
(cond

((meanng
(question-of (car hnes)) table)
@

Tt (s nes) i)
(¢ (eveon (cdr fines) tabic)))))

‘Wate the help functions qusstion of and.
presstery




Now use the finction eveon to wate the
action scond.

(defing

(1abda (< toble)
(oveon (cond-lines ¢) tablé))

Aren't these help functions seful?

Yen they make things ke o it mors e
able But you already kue

Are you now famibar with the defnition of
cand

Prabably not

How can you become fambar with 167

The best way s o try an cxample. A good
*ucond ¢ ),
where
1 cond (coffe Katsch) (¢ pary), and
e s (((cofe)

(Ml pary)
)

Have we soen Low the table gets used?

Yos, wlambda and sidentifler use it

But bow do the dentifers got 1o the table?

In the oaly achon we have not defined,
sapplication

Fow 15 an appheation representod?

A3 oplain i 10t of ogridcs s
xpression

e s Rancion




‘How does an application diffr from 8 specsal  An application must always determne the
form, ke (and ), (or ), o (cond ) meanng of all its axguments

Beforo e can apaly a funcion dowo have Yes

to get the meaning of all arguments’

‘Welte a function evls which takes  Lst of @

efine cvis
(1ambda (args iable)
(cond
(@ arse) (avote (1))
(s (cous (meamung (car as) tae)
(evls (cde are) tebie)))

Wha o do v ead et we ca e
‘meauung of an application?

‘We need to find out what sts function-of
means.

And wha then?

e o7ty the e of e oo
€0 the meaning of the argume

Here 5 the fanction sapplication

Of coume We st haveto dfine sl

(define vapplication
(tammbda (c table)
(apply
(meanmg (funchiomof ) table)
(evks (arguments-of ) tabe))))

s it comect?

function.of, and

Weste fanction of and asguments-of

(define funchion-of car)

(define arguments of edr)



How many diferent lands of fimctons are
hexe?

Two. prumtives and noa prumitives

What are the

tons?

(mpn five (rnl'z Jormals bods))
The ormel bod) wiklot the
oo g el s

‘Whte prmiiive? and non pritive?

(define prumtive?
(tambda (1)
(ea?

(first 1)
(quote prumutrve))))

(define non prmitive?
Gama (0
(ea?

(first 1)
(avote non-pruzutie))))

Now we can waito the function apply

Here st

(mdllm) wel))




T 18 the dafmon of apply prmitive
(dofine apply-pramiive
(lambda (name vals)
(cond
(" e (quotecac)
(can (Gt sa))

(ea? name (quole cdr))
1 (Bt

vals))
e
cons

(Bt ﬂlﬂ (econd vals)))
(ea” name (quote ea”))

(

(e

¢

E (Brst ouls) _4_ )
((ea? name (quote atom?))
(atom?

(G

E

(tddl (Birst vals)))
.ame (quote sub1)
("‘“’l (ﬁnl vals)))

il m the blaoks

o
(q:{lm.e ‘cons)

(second vals)
(Birst vals)

T b aop i the et cnld hch o
epplttin & o n () o b1 2.,

Is apply closure the only function lef?

Yes, and apply-closure must be the poct that,
extends the table.

How coud we G th renut f f ),
"l tambda (x3) (consx )
e

b (2)

Thai's . But ek vl 0o 0
find the mezxing
omn

wl
table s (((x )
e



Why can we do thus?

Here, we don't need apply closure

Can you generalize the last two steps”

Apn’!‘"!‘mwmmmm toalstof

e i v i e s 5
the associated closure’s body nn e
renind by an oy o

)
Jormals s e ol of e smacined
ure and salucs is the result of

Have you followed all this?

16 not, here 15 the defimiton of apply-closure

(formals-o
(table-of closure)))))

e o complinted o st d-
sevesan

In the Bl
o2 (1)
123
(: 2
)
(o e

-zl.ru[(abd(dzﬂ)

‘What will be the new arguments for
‘meanmg?

‘The new ¢ for meaaing wil be (cons 2 x)
mduuenzwkxlhkxm will be

E(a h A (e )
& 31)
(A : 67)7



What 15 the meanin of (cans = =) where
156, and
z@be

The same as
(meaning ¢ table)
where
e s (cons 2), and
table is (((xy)
(@bo) (¢e)
((wvw)

Let's nd the meanag ofall the agorsests
o e e
et (%),
tatle s ()
‘E(a N)) @en)

T order to do this we must find both
(meaning ¢ table)

l

ez,

and

(meanmg e table)

where

eisx

What 1 the (meanimg ¢ {able) where

6, by vsing dentifier

What 1 (mesaag ¢ faile) where
enx

(35.), by vang wxdtier

S0, what 15 the result of evls

(6 (2 b c)), because evbs returns a kst of the.
meanings.



Wesxo o soady o aply o ) where T gply prmiis
o i (primitve cons), ant
oals 5 (6 (2 b ).

‘Which path wil we take?

Which cond-lune 5 chosen for d:
(apply-primitive nom vols) ({ea? name (quote cons)
whese - (cons (first vals) (l«md wals))

s w6 (b o)

Whet 1 (Brst oals) whero 6
oals i (6 (3 b))

at s (sscond vals) whero b9
oals 1 (6 (2 b))

What s ccon ks o) whrn (6abe)
alpha

Mt!‘(:hs]

What 18 1t 15 o shadow of the Lst (62 b )
((lambda (u v)

(lambda (5)
(cond

(bu)
(GO
alpha
beta)
whero



Why?

Because we can dofine cons by

& #)))

How does this work?

‘Well, lt's step through a smple example

(define lunch (cons z 1))

where
 is apple, and
yis ()

‘Tho fanction lunch takes on argument,
D2 i B ar et e 1)
164 b faie, the cd, y, i returned (L, ())

‘Define car and cdr for Lt using ths repre-
sentation.

(define car
(lambda (i)
()

(dofino cdr
(ambda ()
)
What 1 (car Junch) appie
What 1 (cde Tunch) O
s that what we wankod? Yoo

Can we cons lunch onto hunch?

“Yes, (sons huneh hunck)

What s tho Value of Al of Tha?



Chaptes 7 we showed that numbers could be
roprosented with lists. Can you recall when
20t and mull? were definee?

But what about (define ) Tt 't neaded ether because recursion can

be obtained with the Y combinator.

Does that mean we can run the wmterpreter  Yes, but don't bother
oa i nerpreer i G0 he rezina
tion with the Y combunator?

v

Yes, 1t's tume for a banquet.

“Koot’s Banquet”

ths
(¥ (lambda (o)
(cous (subl 1) oo))

the same a5 ths
(¥ (lambda (c0) P

(cous 0 00)) | G ||||




For these exercses,
o (ool 0)

((mm’ %) (quote done))
(ull? %) (quote almast])
(oo s

et s (((ambéa )
(b (1)

o415 (3 (quote 3) quote ),
&5 is (lambda (lat) (cons (quote iat) iat)),
e is (lambda (lat (iat)) a (quote b))

101 Make up examples for ¢ and step throsgh (value ¢) The examples shoukd

values, mumbes, and quoed S-expressions

10.2 Make up some S-axpresions, phug hem mto the —— of of, and step ¢
sppleation of (value ef).

103 Step through the appleation of (velue ¢2) How many chosures are produced

application”

What 15 the Value of All of This?



10.4 Gonside the expression ¢ What do you expect (0 be the elue of 37 Which of the
i o e e Yty ot s by Seppiog g e 3) Over 1
e add one

5 Deun o st o oo oy s i s 2, i
prévn st the egang ot s becomo necemary. Gons that are
T miaptte of e s S gy o <5 w1 e s

108 ot ot tale o prnbsnd e kil tabe, ol abas o0 v
can be repres the fonction extend-table is changed to

((mmba‘l name (first ent

(pick (index e (st m,,))
(smcond entry)

(e mnnn

(For pick see Chap! soe Exercise 4.5.) What else his to be changed to make the

et wok? Nk o e ot of . Ml 2 o apcton o o 1700t
s cxpanion o i thoug o maks s you e the o gt

ik ook e o whoe 11 s s 0 o e g e o b e

107 Wate the function +lambda? which checks whether an § expression is really a represen
tation of a Jumbda-Function
Exarmple: E'mm e5) is true,

and econd? expressions

108 Nongmmiie fiions s eprsestad by s i ou iyt A ahative 0
snctions b xeprsent fanctons For his we chaage «

(define lambds.
(lambda (¢ tabl)

(buikd.
(auote on prumive)
(1armbda. (sas)

(mmu (hmly ofe)
ety (b of 0 s
_table))))




How do we have to change apply-closure to make ths rep: Do we need to
enyting s Walk trough e appication (voe £ 1o presisgichetni
new representation

10 Pricitive fctons ae bult spesedly whie fading the e of an exesion. To o
s buit

Howeve ot hovig e plulelgmlned identifiens

(define initial table
((lambda (addf)
(ambda (name)
(cond

((ea? name (quote 1) £)

((ea? name (quote xl)) ml)

(e name (quote )

(s Tould (quote i) nane)))
(buld (quote primitive) add1)))

Ui thes mitial-table, hiow does the count change? Generalize this approach fo melude all
primitives

1010 In Bxrome 1.4 wo stoducsd the (f Mo, Womwthat (€ )and (omd ) am
mherchangeable 1f we replace the function +coad by
(define
niin (¢ tit)
e s (it )i
(me ca-pt <) table)
(meemng o o)

Wt ot changes do we e {0 make?
Mk th I the examples from this chapter that contan a (cond. ..), rewite
e (), ad s et o g Dt e o Hada

i gae shmon emlune s ot (




Welcome to the Show -




‘ou have reached the end of your miroduciion o Lasp and recursion. Are you now ready to
sl s o programing protios m Lisp? Programmng in Lispries v Kindeof

‘mastered that challange. In any case, it would be well worth your time to develop  fller

all in Lisp- runsing Lisp
e s masteria hoso ioyneesis. 1 Y0 want 10 underand Lip i s deps,
he o, scond, o ot efrnces e g0 choe ot st cending Absocn, S
‘man, and Sussman (1] dcviopl o conspts s fr buling lrge progas. Dybri 2]
doscribes Scheme  the Lisp-descendant used throughout this book Steele [4] 1 e e
masual for Lm,mimdy ‘popular dislect. Reading these books will
some of the favor of the features found in complete Lisp systems We recommend Suppes B
to

and Holstadter [3] to the reader who wants to exarmme the place of ecarsion m the corsers
of hnman thoughi
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union, 141
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The Five Laws

The Law of Car
Car is defined osly for on mull Lsts

The Law of Cdr
Cd 18 defined only for nom-mall sts
The cdr of any non-mull st 1 always anotber Jist
The Law of Cons
Cans takes two arg
e e gt fcon ek be sk
The result 18 a Ist
The Law of Null?
NulP? 3 defined ouly for lists

The Law of Bt
Bq takss two

Eoch st be an atom.




